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Preface 


Advanced level mathematics syllabuses are once again undergoing changes in 
content and approach following the revolution in the early 1960s which led 
to the unfortunate dichotomy between ‘modem’ and ‘traditional’ mathematics. 
The current trend in syllabuses for Advanced level mathematics now being 
developed and published by many GCE Boards is towards an integrated 
approach, taking the best of the topics and approaches of modern and tradi- 
tional mathematics, in an attempt to create a realistic examination target 
through syllabuses which are maximal for examining and minimal for teaching. 
In addition, resulting from a number of initiatives, core syllabuses are being 
developed for Advanced level mathematics consisting of techniques of pure 
mathematics as taught in schools and colleges at this level. 

The concept of a core can be used in several ways, one of which is mentioned 
above, namely the idea of a core syllabus to which options such as theoretical 
mechanics, further pure mathematics and statistics can be added. The books 
in this series involve a different use of the core idea. They are books on a range 
of topics, each of which is central to the study of Advanced level mathematics; 
they form small studies of their own, of topics which together cover the main 
areas of any single-subject mathematics syllabus at Advanced level. 

Particularly at times when economic conditions make the problems of 
acquiring comprehensive textbooks giving complete syllabus coverage acute, 
schools and colleges and individual students can collect as many of the core 
books as they need to supplement books they already have, so that the most 
recent syllabuses of, for example, the London, Cambridge, AEB and JMB GCE 
Boards can be covered at minimum expense. Alternatively, of course, the whole 
set of core books gives complete syllabus coverage of single-subject Advanced 
level mathematics syllabuses. 

The aim of each book is to develop a major topic of the single-subject syl- 
labuses, giving essential book work, worked examples and numerous exercises 
arising from the authors’ vast experience of examining at this level. Thus, as 
well as using the core books in either of the above ways, they are ideal for 
supplementing comprehensive textbooks, by providing more examples and 
exercises, so necessary for the preparation and revision for examinations. 

A feature of the books in this series is the large number of worked examples 
which are regarded as an integral part of the text. It is hoped that these books 
will be of use not only to schools but also to the large minority of candidates 
who are studying by themselves. Mechanics, perhaps more so than other 
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branches of mathematics, can be mastered only by working conscientiously 
and thoughtfully through many worked and unworked examples. This is the 
only way in which the essential simplicity of the subject can be appreciated. 

In order to achieve a degree of uniformity in the size of the books in this 
series, the Advanced level mechanics topics are covered in two books. In this 
book the basic laws of mechanics, known as Newton’s laws, are considered 
and applied to particle motion. The second book, Mechanics of Groups of 
Particles , assumes Newton’s laws and considers their application to groups of 
particles, including rigid bodies. The second book also deals with statics. 

The treatment in both books assumes a knowledge of vector algebra and of 
elementary calculus (including the exponential and logarithm functions). These 
subjects are covered in other volumes in the series. The worked examples and 
problems have been carefully chosen to be physically important (as distinct 
from artificial examples devoid of any relevance to the real world). The treat- 
ment unashamedly makes appeals to intuition and common sense and the order- 
ing of the topics (sometimes unconventional) has been chosen to stress that 
all mechanics is based on Newton’s laws, not on a series of ad hoc techniques. 
One final feature is the stress on dimensional consistency and the possibility 
of checking that this allows. 

While the notation used is generally self-explanatory, it should be noted that 
there are two distinct ways of specifying the inverse trigonometric functions. 
Thus tan -1 x and arctanx are both used to denote the angle 6 between —n/2 
and nil such that tan 6 = x. Also, the symbol « means ‘approximately equals’. 

Tony Bridgeman 
P. C. Chatwin 
C. Plumpton 
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1 Introduction 


1 .1 The scope of mechanics 

Mechanics is the study of how bodies respond when forces are applied to them. 
Both experiment and theory can be used in this study; this book is primarily 
concerned with theory. Because the theory uses mathematical tools, mechanics 
studied in this way is a branch of applied mathematics, the general name given 
to work in which mathematics is used to explain and predict phenomena 
occurring in the real world. The importance and value of applied mathematics 
in general, and theoretical mechanics in particular, lies not in the elegance of 
its mathematical structure but in its success in aiding the understanding of real 
phenomena. It follows that the theoretical study of mechanics has no value 
unless its results can be compared with actual events. 

It is a matter of common experience that bodies may, or may not, move when 
forces are applied to them. Thus, for example, a book remains at rest when 
placed on a table even though the table is supporting the book by exerting a 
force upon it ; on the other hand, a football moves when a force is exerted on 
it (by a kick). The branch of mechanics dealing with cases not involving motion 
is called statics, and the branch concerned with situations in which motion 
takes place is called dynamics. This book deals with the fundamental principles 
of dynamics. 

However, since this book is an introduction, only simple bodies will be 
considered. It turns out in fact that in many circumstances the size of a moving 
body is unimportant. For example, the size of the Earth hardly affects the way 
in which it moves round the Sun (but its size obviously does affect the way we 
human beings move on its surface!). The term particle will be used to denote a 
body whose size can be ignored in a particular situation. In some cases when 
the size of the body cannot be neglected, the body may legitimately be regarded 
as a collection of particles rigidly joined together; it is then termed a rigid body. 
In this book we consider only the mechanics of particles. However, many of 
the basic concepts can be applied to more complicated situations. 

1 .2 Mass, time, length and angle 

Mathematics can be used to study mechanics only because the important 
properties of bodies and their motion can be quantified; that is they can be 
measured and expressed in terms of numbers. 

From the point of view of mechanics, the most fundamental property 
possessed by a body is its mass. Roughly speaking, the mass of a body is a 
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measure of the quantity of matter that it contains. More precisely, two bodies 
are said to have the same mass if they exactly balance one another when placed 
on opposite pans of an accurate pair of scales. This idea is of course used 
throughout commerce, and a shopkeeper measures the mass of goods to be 
sold by balancing them against some of his standard masses. 

The same idea is used in science. A certain body, made of a mixture of plat- 
inum and iridium, and kept in Sevres near Paris, was adopted in 1901 as the 
standard, and was defined to have a mass of 1 kilogram (abbreviated to 1 kg). 

Another body has a mass of 1 kg if it exactly balances the standard on an 
accurate pair of scales. Using this principle, many bodies of mass of 1 kg were 
constructed and distributed throughout the world. Furthermore, by careful 
workmanship, one of these bodies of mass 1 kg was divided into two smaller 
bodies which balanced one another on a pair of scales. Each of these smaller 
bodies has the same mass, namely 0-5 kg. By repeated extension of this process, 
many different standard masses were constructed ranging from very small 
masses to very large masses. The mass of a given body can then be determined, 
in a laboratory or a shop, by placing it on one pan of a pair of accurate scales 
and by putting suitable standard masses on the other pan until an exact balance 
is obtained. Trial and error is, of course, a normal part of this process. 

In discussing the division of a body of mass 1 kg into two smaller bodies 
each of mass 0-5 kg, it was assumed that the total mass was not changed by 
the process of division. The assumption that mass cannot be increased or 
decreased by any process was, for many centuries, a fundamental belief of 
mechanics known as the principle of conservation of mass. This is consistent 
with the results of a wide range of experiments and, until the development of 
relativity, was believed to be true in all circumstances. We now know that the 
principle needs to be modified when, but only when, the bodies involved are 
moving at speeds close to that of light. Since such motions will not be considered 
in this book, the principle of conservation of mass can be assumed. 

As explained earlier, a particle is a body whose size can be neglected when 
studying its motion. However, experiments show that the mass of a body does 
affect its motion and cannot be ignored. It makes sense therefore to refer for 
example to a particle of mass 1 *34 kg, or, more generally, to a particle of mass 
m, where m stands for a number of kilograms (not just a number). 

Other quantities have to be measured in order to describe how a body moves. 
One obvious example is time. Historically time was measured in terms of 
astronomical observations so that, for example, a year was the period in which 
the Earth moved once around the Sun, and a day was the time taken for the 
Earth to rotate once about its own axis. It was found that such definitions were 
unsatisfactory for precise work because, for example, the duration of a year 
varies due to influences on the Earth of bodies other than the Sun. More 
satisfactory standards were sought, and since 1967 time has been defined inter- 
nationally in terms of the radiation from the caesium- 133 atom; the standard 
measure of time is 1 second (abbreviated to 1 s). For practical purposes this 
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definition of a second is the same as that used in everyday life ; thus, for example, 
86 400 s is 1 day. 

Motion is described in terms of distance travelled as well as time, so that 
length also has to be measured. The standard length, internationally agreed, 
is 1 metre (abbreviated to 1 m). Originally the metre was defined in terms of 
a distance between two points on the Earth’s surface, and later as the distance 
between two marks on a piece of metal, which, like the standard kilogram, 
was also kept near Paris. Since 1960 this definition has also been superseded 
by one in terms of atomic radiation, in this case the krypton-86 atom. 

Another basic quantity is angle, needed for example to specify the direction 
of motion of a body. There are several ways of measuring angle which all 
follow the same principle of expressing the amount of turn between two direc- 
tions as a fraction of one complete turn. The two most familiar systems are 
those using degrees (°), in which one complete revolution is 360°, and radians 
(rad), in which one complete revolution is 2n rad. For algebraic convenience 
the system using radians will usually be employed in this book, but, since an 
angle is a pure number, the abbreviation ‘rad’ will often be dropped. So, 
for example, an angle of (n/6) will mean an angle of (n/6) rad, which is 30°; 
and sin(7i/4) is sin(7c/4 rad) = sin (45°) = y/2/2. 

1.3 Units and dimensions 

The system in which the basic units of length, mass and time are the metre, 
kilogram and second, respectively, is the International System of Units (SI). 
In scientific work this is now gradually replacing other systems such as the 
CGS system, in which the basic units are the centimetre (cm), gram (g) and 
second, and the FPS system, in which the basic units are the foot (ft), pound 
(lb) and second. There are, of course, relations between the basic units in 
different systems, such as 1 cm = 10 -2 m, 1 ft = 30-48 x 10 -2 m, 1 g = 10 -3 kg, 
1 lb « 0-4536 kg, and these are used when it is necessary to convert from one 
system of units to another. The following example illustrates this process. 

Example 1 A mathematical model of the Earth is that it is a sphere of approx- 
imate radius 6-37 x 10 6 m and approximate mass 5-98 x 10 24 kg. Estimate its 
radius in ft and its mass in lb. Find also its average density in (a) kgm -3 , 
(b) lb ft -3 . 

Since 1 ft = 30-48 x 10“ 2 m, 1 m = (10 2 /30-48) ft. 

/. Radius of Earth w 6-37 x 10 6 m = (6-37 x 10 8 /30-48) ft 

« 2-09 x 10 7 ft. 

Similarly 1 lb w 0-4536 kg=> 1 kg w (1/0-4536) lb. 

/. Mass of Earth w 5-98 x 10 24 kg « (5-98 x 10 24 /0-4536) lb 

* 1-32 x 10 25 lb. 
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The average density of a body is its mass divided by its volume. Assuming the 
Earth is a sphere, its volume is 

y (6-37 X 10 6 ) 3 m 3 « y(2 09 x 10 7 ) 3 ft 3 , 

that is 1 08 x 10 21 m 3 or 3-82 x 10 22 ft 3 . Hence its average density is 

(a) (5-98 x 10 24 /l-08 x 10 21 ) kgnT 3 * 5-54 x 10 3 kgnT 3 , or 

(b) (1*32 x 10 25 /3*82 x 10 22 ) lb ft" 3 « 3-46 x 10 2 lb ft -3 . 

In this book letters will often be used to stand for properties of bodies and 
their motion. The example of a particle of mass m has already been mentioned. 
Similarly, it will be necessary and convenient to refer to a time t or T, and to a 
length x or a. Other letters will often be used to denote other physical quantities. 
One of the purposes of theoretical mechanics is to obtain relationships between 
different quantities, such as a relationship between the distance x travelled by 
a particle and the time t it has been travelling. 

These relationships will usually be in the form of mathematical formulae, 
but because they are relationships between quantities with units, not all mathe- 
matical formulae are acceptable. This is a consequence of the fact that when 
a letter is used to represent a physical quantity it stands for a number of units 
and not just a number. For example, if the letter R denotes the radius of 
the Earth then, by Example 1, each of the equations R = 6-37 x 10 6 m and 
R = 2 09 x 10 7 ft is correct (to 3 significant figures) and therefore so is the 
equation 6-37 x 10 6 m = 2 09 x 10 7 ft. Without the units m and ft, however, 
the equation is nonsense. 

Obviously mathematical formulae relating different quantities must not 
allow nonsensical results. This means they must give correct results whatever 
units are used to measure the different quantities. 

Suppose a car is travelling along a road at a steady speed V, and let s denote 
the distance it travels in a time t. Then s and t are related by the equation 

s=Vt. (1.1) 

Consider a case when V is 30 00 mph. In \ h (half an hour) the distance travelled 
is (30 00 x £) miles = 15 00 miles, using (1.1). Suppose further that during this 
period the car is followed at a constant distance by a French car. According to 
the speedometer of this car V is 48-28 kph, where kph (often written kmh -1 ) 
means kilometres (km) per hour and 1 km = 1000 m. In j h the distance travelled 
is (48-28 x j) km = 24-14 km. Since 1 mile = 1-609 km, it follows that 15-00 
miles = 24-14 km, so that the two results are the same. It can be checked that 
(1.1) is also correct if other units are used (e.g. V measured in fts” 1 , s in ft, 
and t in s). 

On the other hand, suppose the formula 

s=30f (1.2) 
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is used instead of (1.1). This gives the correct numerical value of 5 for the first 
driver whose units of distance and time are miles and hours respectively, but it 
gives the wrong values when other units are used. Thus (1.2) is not a satisfactory 
alternative to (1.1). 

The reason why (1.2) must be rejected can also be understood by considering 
the concept of a dimension. All properties considered in theoretical mechanics 
have units formed from the three basic units of mass, length and time. Thus 
the unit of speed is one unit of length per unit of time, and the unit of density 
is one unit of mass per cube of the unit of length. Since these statements are 
true irrespective of the particular system of units used, the term dimension is 
used here instead of unit. Thus, using the symbols M, L, T to denote mass, 
length and time respectively, the dimension of speed is LT _1 and that of density 
is ML 3 . The left-hand side of (1. 1) is a length and so has dimension L, whereas 
the right-hand side is the product of a speed and a time and so has dimension 
LT -1 . T = L. Equation (1.1) is therefore dimensionally consistent. On the other 
hand, the left-hand side of (1.2) has the dimension L whereas the right-hand 
side has dimension T, and so (1.2) is dimensionally inconsistent. 

This example illustrates that all equations in theoretical mechanics must be 
dimensionally consistent. 

Example 2 A particle is oscillating along a straight line and the time taken 
for one complete oscillation (the period of the motion) is t 0 . Let x denote the 
displacement of the particle from a fixed point O on the line at a time t after 
passing through 0, and suppose X is the maximum value of x. Show that the 
equation 

x = Xsin(2nt/t 0 ) (1.3) 

is dimensionally consistent. 

The dimension of (2nt/t 0 ) is zero; that is (2nt/t 0 ) is a pure number. This is 
because 2n is a pure number (^6-283), as is ( t/t 0 ) which is the ratio of two 
quantities each with the dimension T and is therefore independent of the units 
used for measuring time. Hence sin (2nt/t 0 ) is a pure number whose value is 
also independent of the units used for measuring time. The quantities x and X 
each have the dimension L, so (1.3) is dimensionally consistent. 

1 .4 Basic mathematical techniques 

Certain basic mathematical skills are needed to develop the subject of theoretical 
mechanics. Among these are calculus (including the differentiation and integra- 
tion of simple polynomials, trigonometric, logarithmic and exponential func- 
tions), trigonometry (including the meanings of quantities such as sin 0 , cos 6 
and tan0 and formulae such as cos(0 + </>) = cos 0 cos 0 — sin0sin</> and 
sin 29 = 2 sin 0 cos 6) and vector algebra (as described in a companion book to 
this one entitled Vectors). In the remainder of this book it will be assumed 
that the reader has mastered these skills. 


Introduction 5 



Exercise 1 

1 Express the angle of 1 1 -25 rad in °, giving your answer to the nearest °. Also determine 
the sine, cosine and tangent of this angle correct to two decimal places. 

2 A unit of distance used in astronomy is the light-year , defined to be the distance 
travelled by light in one year of 365 days. Given that the speed of light is approximately 
3 00 x 10 8 ms -1 , estimate the distance of 1 light-year in (a) m; (b) km; (c) miles. Give 
your answers to three significant figures. 

3 A ship is sailing at 20 knots, where 1 knot = 1 nautical mile per hour and 1 nautical 
mile = 6080 ft. Estimate the speed of the ship in ms -1 . 

4 A ball is thrown vertically into the air with starting speed u. After an interval of time 
t it has travelled a distance 5 and its speed is v. Show that the following formulae are 
dimensionally consistent provided the constant g has dimension LT -2 : 

v 2 = u 2 — 2gs; v = u — gt. 

Also, determine which, if any, of the following three formulae are dimensionally 
consistent : 

s = ut - %gt 2 ; s 2 = g 2 t* + (u 2 /2g) ; v = exp (gt/u). 

5 A small sphere of radius a is made of uniform material of density p. It is released from 
rest in a liquid of density p' and falls vertically. At a time / after release its speed is v , 
where 



P-P' 

, P' , 


1 — exp 


9v/p'\ 

2a 2 p) 


and g and v are positive constants. Show that this equation is dimensionally con- 
sistent provided g has dimension LT -2 and v has a specific dimension to be determined. 
Show also that 


where k and / are constants. What are the dimensions of k and /? 

Draw a suitable sketch graph which shows how v varies with t , indicating particu- 
larly how v behaves for large values of t. 
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2 Kinematics 


2.1 Definition 

Before we can use mathematics to predict how bodies move, we must first 
learn how to describe motion itself. The study of motion without reference to 
the forces causing the motion is called kinematics and it is the subject of this 
chapter. 


2.2 Motion in a straight line 

It is convenient to begin with an important special case, namely that in which 
the body moves in a straight line; for example, a car moving on a straight road, 
or a stone falling vertically from the top of a cliff. 

By carefully observing a motion of this type we can, in principle, plot points 
on a graph showing how the distance travelled by the body varies with time. 
Of course distance and time both have to be measured from convenient starting 
points. Possibilities for the case of a car are to measure distance from a garage 
or signpost. Examples of graphs showing how distance varies with time in two 
different cases are given in Fig. 2.1 and Fig. 2.2. 

As explained in Chapter 1, it is usually convenient to introduce letters to 
stand for time and distance. Here we shall generally use t for time and x for 
distance, but other symbols would do equally well, such as s for distance, as 
in (1.1). There will be one value of x for each value of t \ in other words x is a 
function of /. The work in §1.3 shows that this functional relationship between 
x and t must be dimensionally consistent, as in (1.3), p. 5. You should check 
that the curve in Fig. 2. 1 is that of x = \gt 2 , where g is a constant of dimension 
LT 2 whose value is 10 ms -2 , and you should confirm that this relationship 
is dimensionally consistent. In general the relationship between x and t is not 
expressible as a simple formula. One such example is illustrated in Fig. 2.2 
which describes the motion of a car on a road; it is a valuable exercise to 
suggest possible reasons for the shape of this graph. 

Only the position of the body at time t has so far been considered and it is 
measured by the displacement x. Just as important is the speed of the body at 
time t. We shall usually denote speed by u or v. By definition the speed is the 
result of differentiating x with respect to t. Hence, using v to denote speed, 



( 2 . 1 ) 


Equivalently, v is the derivative or rate of change of x with respect to t. 
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distance (m) 


Fig. 2.1 


Fig. 2.2 



Graph showing how the distance fallen by a stone varies with time. 
The crosses indicate measured points. 


distance (m) 



Graph showing how the distance travelled by a car along a road 
varies with time. The crosses indicate measured points. 
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In general v varies with t , as does x itself. So we can also differentiate v with 
respect to t. The result is an important quantity called the acceleration. When 
a separate letter is needed for the acceleration we shall usually employ a , 
although some authors use /. 

Hence 



d 2 x 

d^ 


( 2 . 2 ) 


We have seen that Fig. 2. 1 is the curve of x = \gt 2 , where g is a constant equal 
to 10 ms -2 . It follows from (2.1) that v = gt , and from (2.2) that a = g. Hence 
Fig. 2.1 illustrates a motion with a constant acceleration of 10 ms -2 , and we 
shall reconsider this type of motion later. 


Example 1 A particle moves along a straight line so that its displacement x 
from a fixed point at time t is given by 

x = Xs\naot, (2.3) 

where X and co are positive constants. Find the speed v and the acceleration a 
at time t. 

(2.1) => v = ^ [X sin cot] — coXcoscot. 

(2.2) => a = ^ \_coX cos cot] = — co 2 X sin cot. 

Note that (2.3) is the same as (1.3), p. 5, provided that co = 2nlt 0 and is 
therefore dimensionally consistent provided the dimension of co is T -1 . This 
example illustrates that a usually varies with t and can take positive and negative 
values, as also can v and x. 


It is sometimes useful to express v in terms of x rather than t. For example 
when x = \gt 2 , then v = gt becomes v = (2gx) 1/2 . When v is expressed in terms 
of x we cannot directly use (2.2) to find a. But it is easy to derive an alternative 
formula. By the chain rule of calculus (sometimes called the function of a 
function rule ) it follows from (2.2) that 

dt; dv dx 

a = — = — x — . 
dt dx dt 


dx 

Since v = — , it follows immediately that 


d»_ d 2 , 


— ^ /I 2\ 

a = v Tx = di (lC >' 


(2.4) 


When v = (2 gx) i/2 , v 2 = 2 gx and (2.4) gives a = g, as obtained earlier by 
direct use of (2.2). 
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In theoretical mechanics we often use a shorthand notation to denote deriva- 
tives with respect to time t. We put one dot over any quantity (such as x or i;) 
each time it is differentiated with respect to t. Using this notation, (2.1) and 
(2.2) can be rewritten 


u = x, 


a — v — x. 


(2.5) 


Similarly one dash is often used to denote a differentiation with respect to x, 
so that (2.4) becomes 


a = vv 


= a ,, 2 


(jv 2 y. 


( 2 . 6 ) 


We have obtained a by differentiating x twice with respect to t , and we could 
define new quantities by differentiating x more than twice. However it turns 
out that this is not useful in mechanics. As will be seen later, the basic physical 
laws give an expression for a in terms of the forces acting on a body. The 
fundamental problem of mechanics, and therefore the main theme of this book, 
is to use this expression for a to determine t>, and hence x, in terms of t. This 
process is the reverse of what we have so far done, and therefore involves 
integration rather than differentiation. 

Consider a graph of x against t such as Fig. 2.1 or Fig. 2.2, p. 8. The graph 
of v against t is obtained by plotting the gradient of x in this graph against t. 
The graph of a against t is obtained in an analogous manner from the graph of 

v against t. Since a = we know from the basic principles of integration that 
at 

the change in v between any two times t x and t 2 , where t 2 > t l9 is the area 
under the graph of a against t between t 1 and t 2 , that is 


v(t) 

-k 


v(t 2 ) - viti) 


a(t) At. 


dx 


(2.7) 


This is illustrated in Fig. 2.3. Similarly, since v = we have 

At 


x(0 


= x(t 2 ) ~ x(t i) = 


v(t)At. 


( 2 . 8 ) 


In (2.7) and (2.8), t x and t 2 can be any values of t. 


Example 2 A body is moving in a straight line with constant acceleration g. 
Given that at t = t 0 the speed is V and the displacement from a fixed point in 
the straight line is X, determine the speed and displacement for all values of t. 


(2.7) 


v(t 2 ) - v(t t ) 


gdt = g(t 2 - /j). 


Since we know what happens at time / 0 , we put t l = t 0 , v(t x ) = V to obtain 
v(t 2 ) — V = g(t 2 — t 0 ). Since t 2 can be any value of t , we put t 2 = t and rearrange 
to find the speed v. The result is 
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Fig. 2.3 Sketch graph illustrating equation (2.7). The shaded area is the 
change in the body's speed between f-, and t 2 . 


v(t) = V + g(t - t 0 ). (2.9) 

(2.8) => x(t 2 ) - X = f' 2 [ V + g(t - /„)] dt 

J'o 

= V(t 2 — t 0 ) + 2d(h ~ to) 2 . 

Here we have put t l = t 0 , x(t x ) = X immediately. Once more we argue that, 
since t 2 is any value of t, we can put t 2 = t. Rearrangement gives 

x(t) = X+V(t- t 0 ) + ig(t - to) 2 - (2. 10) 

The result (2.10) will be important later. Here we indicate how it can be used 
in one example. 

Example 3 A car moving along a straight road with constant speed V passes 
a point O at the same moment as a second car starts to accelerate with constant 
acceleration /from rest at O. Find the time after leaving O when they are again 
level, and show that the distance covered by each car is then 2 V 2 /f. 

Let x t be the distance from O of the first car at time / after leaving O. We can 
use (2. 10) with X = g = t 0 = 0 to obtain 


= Vt. 


Let x 2 be the distance from O of the second car at time t after leaving O. We 
can again use (2.10) with X = V = t 0 = 0 and g =f to obtain 


They are level when 


X 2 = ift 2 ■ 

Xi = x 2 => Vt = jft 2 


=> t = 0 or 


t = 2V/f. 
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They leave O when t = 0, so they are again level when t — 2 V[ f. 

t = 2V/f => Xl =x 2 = 2 V 2 /f. 


Sometimes the laws of mechanics do not give a as a function of t but as a 
function of (i) x or (ii) v. In case (i) we can use (2.4), p. 9, and integrate to 
obtain 


v 2 (x 2 ) - v 2 (x t ) = 2 


a(x ) dx. 


( 2 . 11 ) 




Example 4 An artificial satellite is fired vertically from the Earth’s surface. 
When it is at a distance x from the centre of the Earth its acceleration is 
— GM/x 2 , where G is Newton’s constant of gravitation and M is the mass of 
the Earth. Find the speed at which the satellite should be fired for it to escape 
from the Earth. Use the following approximate numerical values: 

G = 6 61 x KT 1 1 m 3 kg - ^ -2 , M = 5-98 x 10 24 kg, 

Earth’s radius = 6-37 x 10 6 m. 


The minus sign in the expression for the acceleration means that the speed of 
the satellite decreases as x increases. Denote the required speed by V and the 
Earth’s radius by R. We use a(x) = — GM/x 2 , x x = R , v(x x ) = V in (2.11) to 
obtain 


d 2 (x 2 ) - V 2 = 2 


GM 


dx 


-2 GM 


Xl 1 ^ 
— ^dx 

, * 


= -2 GM 

Hence, writing x 2 = x, v(x 2 ) = v, we find 


- 2GM ( — 

R x 


V 


2 


2 2 GM\ 2 GM 

R J x 


( 2 . 12 ) 


From (2.12) it follows that v 2 (and so v) decreases as x increases. There are 
two possibilities. Either there is a value of x for which v = 0 (in which case the 
satellite reaches this value and then falls back to the Earth), or there is no such 
value (in which case the satellite continually recedes from the Earth, eventually 
escaping its influence altogether). We are interested only in the second possibil- 
ity which occurs when the right-hand side of (2.12) is positive for all x. Hence 
we must have V 2 ^ 2 GM/R. Substituting the given numerical values yields 


i/2s /2 x 6-67 x 5*98\ n 2 _ 2 

F > ( — 6^37 — J x 10 m 8 • 

V 2 Ss 12-52 X 10 7 m 2 s~ 2 


V^ll-2x 10 3 ms -1 . 
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(This least value of V of 11*2 x 10 3 ms 1 is known as the escape velocity for 
the Earth.) 

Example 4 illustrates the sensible rule that when a numerical result is required 
it is better to substitute the numbers only after all the algebra has been done. 
Thus, for example, we used R , not 6*37 x 10 6 m, until we had an expression 
for the answer. There are four advantages in this: 

(i) careless mistakes are less likely to occur ; 

(ii) working algebraically means that checks of dimensional consistency 
can be made (e.g., check that (2.12) is dimensionally consistent); 

(iii) the algebra is exact whereas the numbers are only approximate; 

(iv) there is less writing to do (if you disbelieve this, rework Example 4 
substituting numbers from the start!). 

When (2.11) is used, as in Example 4, to obtain v in terms of x, it is not 
always easy to go further and obtain x in terms of t. Consider (2. 12) for example, 
in the case when V 2 > 2GM/R. Writing 

W 2 = (V 2 — 2GM/R) and X = 2GMR/(RV 2 — 2GM) 

enables (2.12) to be rewritten 

v 2 = W 2 [ 1 +(*/*)]. 

dx 

Since v = — and since v > 0 (because the satellite is moving so that x increases 
at 

with /), we can take the positive square root to obtain 

4* =w ( l + xy. (2.13) 

dt \ x J 

It is possible to find x in terms of t from (2. 1 3), and this is the subject of question 
5 in Exercise 2 at the end of this chapter. 

As mentioned above, the laws of mechanics sometimes give the acceleration 
as a function of v. Example 5 is typical of such cases. 

Example 5 A body falling through thick oil has an acceleration ( g — kv) 
downwards, where g and k are positive constants. The body is released from 
rest at t = 0. Find v in terms of /, and discuss the motion when kt is large. 

(2.2) => ^=(g-kv) 

=> * dr _ i 

^ (g - kv) d t 

The left-hand side is the derivative with respect to v of — ^ln (g — kv) so that 

k 
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-M 


= 1 


If two functions have the same derivative they differ by a constant. Writing C 
for this constant gives 

In ( g — kv) — C — kt 
=> (g — £1;) = e (C-k ° = e c e“ k *. 
t; = 0 at / = 0 


=> 9 = * 


c 


=► g — kv = ge 


=> v = [1 — e - *']. 

This is the required result. As kt increases, e~ kt decreases, eventually to 0. 
Hence v approaches the limiting , or terminal , speed (g/k). 


In Examples 2, 4 and 5 we had to find v in terms of t or x starting with an 
exact algebraic formula for the acceleration. In many practical cases, such 
as the one illustrated in Fig. 2.2, there is no simple formula applicable. Often 
the only information available will be measurements of the acceleration or the 
speed at some values of x or t , and it is not then possible to determine exactly 
the integrals on the right-hand sides of (2.7), (2.8) and (2. 1 1). However, provided 
that a sufficient number of measurements are given, an approximate graph can 
be drawn and the integral can be estimated numerically by one of several 
methods. The simplest such technique is to count the squares under the graph; 
frequently this is the only available method and it is illustrated in question 6 
in Exercise 2 (p. 27). In some cases, however, measurements may have been 
made at values of x or t which are equally spaced, and then other approximate 
methods can be used. The simplest of these is the trapezium rule , the use of 
which is illustrated in Example 6. 


Example 6 The table shows the speeds of a bicycle measured at intervals of 
1 s. Use the trapezium rule to estimate the distance travelled between / = 1 s 
and t = 15 s. 


t ( s ) 

1 

2 

3 

4 

5 

6 

7 1 

8 

9 

10 

11 

12 

13 

14 

15 

v(ms~ 1 ) 

0-6 

10 

1-5 

2-5 

3-5 

4-6 

5-4 

6-2 

71 

8-2 

9-2 

9-9 

10 5 

10 9 

111 


The measurements are plotted in Fig. 2.4. There is not enough information to 


14 Newton's Laws and Particle Motion 



i/(m S” 1 ) 


11 


9 


7 


5 


3 


1 

0 




y 


/ 


/ 


/ 


D / 
y 


/ 


/ 


/ 




n 


J L 


1 3 5 7 8 9 11 13 15 


t(s) 


Fig. 2.4 Graph illustrating Example 6. 


draw the actual curve between / = 1 s and t = 15 s, yet, by (2.8), the distance 
required is the area under this curve between these two values of t. The trapezium 
rule is based on the assumption that this area is approximately equal to the 
sum of the areas of trapezia such as ABCD. The area of the trapezium ABCD 
is an approximation to the distance travelled between t = 1 s and t = 8 s. (The 
area of a trapezium is one half of the sum of its parallel sides multiplied by the 
distance between them.) Altogether the required area is approximated by the 
sum of the areas of the 14 trapezia; so the distance travelled is estimated to be 

[i(0-6+l-0)x 1] + [i(l-0+ 1-5) x 1] + ... +[±(10-9+ 11 1) x 1] 

= ix [0-6 + 2(1-0+ 1-5+ ... + 10 9) + 111] = 86 35 m. 

As with all methods of this type the answer is subject to two kinds of error. 
One arises from the inevitable experimental errors and the other from replacing 
the actual curve by a series of straight lines. These errors can be estimated but 
this important subject is beyond the scope of this book. However, without 
such error analysis it is wise to be cautious about our result; so we say that 
the distance travelled is about 86-4 m. 

The trapezium rule can be applied to most integrals, such as those in (2.7) 
and (2.11), provided it appears from the measurements that the actual curve 
can be well approximated by a series of straight lines. 
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2.3 Motion in space and its description using vectors 

Having studied motion along a straight line, we now consider how to describe 
the most general possible motion of a body, namely motion along a curved 
path in real three-dimensional space. This can be done in several ways, but 
the best method uses vector notation. 

The development of vector concepts and notation is fully described in many 
books, including Vectors , another book in this series. In this section we shall 
summarize the principal results needed in theoretical mechanics. 

We choose a reference point called the origin denoted by O. Consider any 
point P in space. The directed line segment OP specifies a vector called the 
position vector of P relative to O. Let r denote this vector. Now suppose that 
P is moving so that r varies with time t. For each value of t there is a unique 
value of r. In other words r is a function of t and we write r(/) instead of r 
when we wish to emphasize the dependence on t. 

A possible path of P is illustrated schematically in Fig. 2.5 (but it should be 
realized that the path does not have to lie in a plane). Although the path is 
curved, the part of it traversed between two times t and t + 5t can be approx- 
imated to a straight line segment, if St is small, with an accuracy that increases 
as St decreases. This point is illustrated in Fig. 2.5. The directed line segment 
Q 7? specifies the vector 8r where 

8r = r(/ + St) — r(/). (2.14) 

The length of 8r, written |8r|, is the small distance travelled by P between 
times t and t + St. Hence, by (2.1), p. 7, as St approaches zero, |8r|/<5f ap- 
proaches the magnitude of the speed of P at time t. But for a particle moving 


y tangent to path at Q 



Fig. 2.5 Sketch illustrating the definition of velocity. The points Q and R are 
the positions of P at times t and t + St. 
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in space it is important to keep track of the direction of motion as well as the 
speed. Since 8r, defined by (2.14), is in this direction, so also is 8r /St. The 
natural generalization of the concept of the speed of a particle moving along a 
straight line is therefore to consider the limit of Sr/ St as St approaches zero. 
This limit is defined to be the velocity of P at time t and is denoted by v, or by 

or by r, using the convention defined in (2.5). Thus 
at 


v = — 


dr 

di 


lim 

a«->o \ ot 


1 |m / r(. + a<)-K0 

\ St 


(2.15) 


It is clear from Fig. 2.5 that the direction of v is along the tangent to the path 
of P. The magnitude of v, denoted by |v|, is the limit of |8r|/<5/ and so, as we 
have already noted, is the magnitude of the speed of P , where speed is defined 
in (2.1). However, it is conventional when using vectors to describe motion in 
three-dimensional space, to define |v| as the speed of P, so that the speed of a 
particle is now an essentially positive quantity. This contradicts the use of the 
term speed in §2.2, which could be positive or negative. The meaning of the 
term ‘speed’ will, in each particular case, be clear from the context. 

The use of the definition of velocity is illustrated for an important case in 
the following example. 


Example 7 A particle is moving in a circle of radius c and centre O as shown 
in Fig. 2.6. At time t the particle is at P, where OP makes an angle 6 = 6(t) 
with a fixed line ON. Determine v and |v| in terms of 6. 

Let Q be the position of the particle at time t + St , so that PQ = 8r. 

Let 0 be a unit vector perpendicular to OP pointing in the direction in which 


v \ 

v 
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0 increases. The magnitude of 6r is PQ = 2PM = 2c sin (\S0) where 
SO = Q(t + St) — 0(t). For small values of SO , 

2c sin (^0) a 2c y = cS6, 

and the direction of Sr is close to that of 0. Hence Sr « cSQQ. 


cS6 a 


Hence 


Since 0 is a unit vector, it follows that 


_r 



■ = co e. 

(2.16) 

= c8. 

(2.17) 


There is a trap connected with velocity and speed into which beginners often 
fall. Let us adopt the standard convention of writing r for |r| and v for |v|. Since 
v = r and v = |r|, it is often assumed that v = |r|, but this is wrong. The error 
can be understood by considering Example 7 where r has the constant value c 
for all t , so that r (and so \r\) is 0 for all t. However v = |r| is obviously not 
zero ; its value is given by (2. 1 7). It takes a moment to see that the mathematical 
reason why |r| and |r| are different is that the operations on a vector of forming 
its magnitude, and differentiating, do not commute. The existence of this trap 
is also a warning that it is very important to use a notation that distinguishes 
clearly between a vector such as r and a scalar such as r. 

In Example 7, v is not a constant vector. Its direction is changing because the 
direction of 0 is changing as P moves around the circle ; its magnitude is also 
changing, unless 0 is constant. Thus, in a general case, we must expect v to 
depend on t , and we shall follow our usual practice of writing v(r) when we wish 
to emphasize this dependence. 

Suppose that in a general case the particle P has velocities v(r) and v(t + St) 
at times t and t + St. By an obvious extension of the notation used in (2. 14) we 
define 6v by 

8v = \(t + St) — \(t). (2.18) 


By a natural generalization of the process used to define velocity, we consider 

5v 

the limit of — as St approaches zero. The value of this limit is the acceleration 


of P, a vector denoted by a, or by v, r or Thus 

J dt d t 2 


a = 


dv _ . _ d^r 

dr V dr 2 


f =lim(f! 

dt^O \ot 


llm »(»+&)-.(») 

V St , 


(2.19) 
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Note that the same word acceleration is used as for motion along a straight line. 
However the context will always indicate whether the motion is in three dimen- 
sions, in which case (2.19) defines the acceleration as a vector, or along a straight 
line, in which case (2.2) defines it as a scalar. 


Example 8 Determine the acceleration of the particle in Example 7. 

As in Example 7 let Q be the position of the particle at time ( t + St). Also, as 
shown in Fig. 2.7, let r(t) and 0(/) denote unit vectors along and perpendicular 
to OP, respectively, with r(t + St) and 0(/ + St) being their corresponding values 
at Q. 

As already noted after Example 7, 0 changes with t, and so does r . Consider the 
change Sr in r between t a nd t + St, where 8f = f(/ + S t) — r(t). As Fig. 2.7 
shows, Sr is represented by MN. Now, when St is small, MN is nearly parallel 
to 0, and, since PM = PN = 1 , its length is 2 sin (%S0), which, when SO is small, 
is approximately 2 (jSO) = SO. Thus 

Sr x SO. Q 


=> ^-r = lim(^) = 00. (2.20) 

at dt^o\ot/ 

By a similar argument (which the reader is advised to write out in full) using 
APRS in Fig. 2.7, it can be shown that 
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60 

d 
d t 


-36. r 


a y [M\ 

0 = lim 1 — 1 

st^o \ot J 


^ = -Of. 


( 2 . 21 ) 


Let r, represented by OP , be the position vector of P. Since the length of OP is 
the constant value c , it is clear that r = cr. Thus 5r = d>? % c36Q by (2.20). 
Hence r = c00, as obtained by another method in Example 7. 

We can obtain the acceleration a = either from first principles, using 

methods similar to those used to derive (2.16) and (2.20), or we can simply 
differentiate (2.16). By the product rule 


a = c 6 . 0) - 0 + ceMjU ) = M - c e 2 f, (2.22) 


where we have used (2.21) to determine 


d0 

dt' 


An interesting special case of the motion discussed in Examples 7 and 8 
arises when 0 = co, where co is a constant. Then, using (2.16) and (2.22), 

v = ccoQ; a = — cco 2 r = — — r, (2.23) 

c 

since 6 = 0 when 6 is constant. The result a = — (v 2 /c) r follows from v = ccoO 
since this means v = |v| = cco. Remember that 0 is a unit vector so that |0| = 1. 
The acceleration is directed towards the centre of the circle along which P is 
moving because that is the direction of changes in the velocity. The constant 
co is known as the angular speed. Its dimension is T 1 so that its units are s _1 . 
Since co = 6 and since 6 is measured in radians, an angular speed of for example 
n s -1 « 3*142 s -1 means that P takes 2 s to travel completely round the circle. 

In the book Vectors in this series, it is shown how vectors can be expressed 
in terms of their components with respect to a basis. In Example 8 for example 
it was shown that ( — c6 2 , c6) were the components of a with respect to the basis 
(r,0). There are only two vectors in this basis because the motion is in a plane. 

More generally we want to be able to describe motion in three dimensions, 
so that a basis must contain three vectors. The most useful basis is illustrated 
in Fig. 2.8 and is known as the cartesian basis , usually denoted by {i,j,k}, 
although the notation (e 1 ,e 2 ,e 3 ) with e A = i, etc., is also useful. Each of i, j, k 
is a unit vector, and each of them is perpendicular to the other two. Using the 
notation of the scalar (or dot) product, these properties can be expressed by 
the equations 

i.i = j.j = k.k = 1; j.k = k.i = i. j = 0. (2.24) 

Any vector r has components with respect to {i,j,k}. If these are denoted by 
(x, y, z) we have 
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Fig. 2.8 Sketch defining the cartesian basis {i, j,k] and the components 
(x, y,z) of r with respect to this basis. Note that x = OX, y = OY, 
z = OZ. 


r = xi + y\ + zk. (2.25) 

It follows from (2.24) and (2.25) that r.i = x, etc.; this is also illustrated in 
Fig. 2.8. 

Now suppose that r is the position vector of a point P which is moving in 
space. Since (i,j, k) are constant vectors, that is they have constant directions 
and lengths, unlike r, 0, changes in r are represented entirely by changes in 
(x,y, z). Thus 

5r = r(/ + St) — r(/) 

= [x(t + 5t) - x(0]i + OO + St) - y(t)]\ + [z{t + St) - z(0]k 
= Sx\ + Sy\ + Szk . 

Hence, from (2.15), 

v = i- = xi + y\ + zk, (2.26) 

so that (x, y, z) are the components of the velocity v with respect to the basis 
(i, j, k). Note that (x,y, z) are scalars which can be positive or negative. Similarly 
the acceleration a is given by 

a = v = if = xi + y\ + zk. (2.27) 

Example 9 A particle is moving so that its position vector r at time t satisfies 
r = (ccosco/)i -f (csincof)j, where c and co are positive constants. Find its 
velocity v and acceleration a. 

Since 


d_ 
d t 


{c cos cut) = c~ (coscot) = — ccd sin cot, 


and 
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~~(c sin ot) — c-^-(sinatf) = cocos cot, 
at at 

it follows from (2.26) and (2.27) that 

v = ( — ca>sinco/)i -1- ( cocosot)y, 
a = ( — co 2 cosot)i -I- ( — co 2 sinot)y 


(2.28) 


The motion in Example 9 takes place in the plane z = 0, with x = c cos ot, 
y = c sin ot. Hence 

x 2 + y 2 = c 2 (cos 2 ot + sin 2 cor) = c 2 , 

so that P moves round a circle centre O radius c, just as in the motion considered 
in Examples 7 and 8, pp. 17 and 19. In fact the motion is such that the angle 6 
between OP and i is ot (please verify) ; hence 6 = o. Thus the motion in Example 
9 is the special case of that in Examples 7 and 8 for which (2.23) gives the velocity 
and acceleration. In other words (2.23) and (2.28) should be equivalent. It is 
left as an exercise for the reader to show that this is so. (It is suggested that you 
express r and 0 in terms of i and j.) 

In this book we adopt the practice that the dimension of a vector is the 
dimension of its magnitude. For example, since the dimension of speed is 
LT _1 , so also is it the dimension of velocity v. Consider (2.26), where the left- 
hand side has dimension LT _1 . For dimensional consistency the right-hand 

dx 

side of (2.26) must also have dimension LT -1 (see §1.3). Now x = — has this 

at 

dimension but i has no dimension, since |i| = 1, not 1 m — hence x\ has the 
required dimension ; so also do y\ and zk. Since c and o in Example 9 have 
dimensions L and T -1 respectively, it can also be seen that (2.28) is dimen- 
sionally consistent. Finally, note that just as we can consider a speed of 5 ms -1 , 
so also can we consider a velocity of (3i + 4j — 2k) ms -1 . 

The next example shows that some of the techniques developed in §2.2 for 
motion in a straight line can also be useful when dealing with more com- 
plicated motions. 

Example 10 A particle is moving with acceleration —gy where j is vertically 
upwards and g is a constant. At t = 0, r = 0 and v = V cos ai + V sin aj, where 
i is horizontal and V and a are constants. Determine the velocity and position 
of the particle for all t. 

(2.27) => xi + yj + zk = -g\ => x = 0, y = -g, z = 0. 

Hence, as in Example 2, p. 10, 

x = constant, y = —gt + constant, z = constant. 

We are given that, at t — 0, 
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x—V cos a, y = V sin a, z — 0 
=> x—V cos a, y = V sin a — gt, z = 0. 

Similarly we integrate once more and use x = y = z = Qait = 0lo obtain 
x = Vt cos a, y = Vt sin a — \ gt 2 , z — 0. 

These results may be written in vector notation as 

v = Kcosai + (Ksina - gt)y, r = Vt cos oi + (Vt sina - jgt 2 )}. (2.29) 

2.4 Relative motion 

We now have the machinery to discuss an important class of problems, 
namely those in which the interest is in the motion of one moving body relative 
to another. A typical situation is that of two aircraft moving in different 
directions at different speeds. Here our main interest is whether or not collision 
occurs. The following discussion illustrates one of several methods available 
for solving this type of problem. 

Suppose the two bodies are labelled P and Q and that they have position 
vectors p and q which both change with t since P and Q are both moving. As 
illustrated in Fig. 2.9 the position vector of P relative to Q is s = p — q. In this 
class of problems we are interested in how s varies with t. Note that the rate 
of change of s is s = p — q, which is the difference between the velocities of P 
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and Q and is known as the relative velocity or, more precisely, the velocity of 
P relative to Q. In effect we have changed our origin from the fixed point O 
to the moving point Q , and s and s are simply the position vector and velocity 
of P with respect to the new moving origin. Whatever our viewpoint, it is clear 
that s(t) gives complete information about the relative motion of P and Q. 

The use of these ideas is illustrated in the next example. 


Example 11 An aircraft has constant speed 90 ms -1 and is flying in a straight 
line parallel to ( — i + 2j + 2k). A helicopter has constant speed 15 ms -1 and is 
flying in a straight line parallel to j. Initially the aircraft is at the origin and the 
helicopter is 1000 m from the origin along a line parallel to ( — 2i + 3j + 4k). 
Show that collision is likely, and find when it will occur if no avoiding action is 
taken. 


Denote the aircraft by P and let its position vector relative to the origin after 
T s be p. Define Q and q similarly for the helicopter. 


— i + 2j + 2k| = 3 


p = 30( — i + 2j + 2k) ms -1 
p = 30T( — i + 2 j + 2k) m. 
q = 15j ms -1 . 


|-2i + 3j + 4k| = V29 


q = 


1571 + 


1000 

\/29 


( — 2i + 3 j + 4k) 


m 


=> (P-q)=(l5T-^j(-2i + 3j + 4k)m. 

Since (p — q) is the position vector of P relative to Q, collision is likely if 
there is a value of T for which p — q = 0. It can be seen that this is so when 
15 T= (1000/^/29); that is, after about 12*4 s. 


The methods used to analyse the relative motion of two moving bodies can 
also be used to determine the motion of one body moving in a medium which is 
itself moving, such as a boat sailing on a moving sea or, as in the following 
example, a helicopter flying in a wind. 


Example 12 A ship is sailing due north at a constant speed of 20 km h -1 . 
At noon the ship is sighted 5 km due east of a shore station at which there is 
a helicopter. There is wind of speed 50 km h' 1 blowing from the direction a 
east of south, where a is acute and tana = 3/4. The helicopter takes off T 0 
hours after noon to intercept the ship and flies at a constant speed of 60 km h _1 
relative to the wind in a constant direction ft east of south relative to the wind, 
where /? is chosen to ensure interception. Find 

(i) the flight time when T 0 = 0; 

(ii) the least possible flight time and the corresponding value of T 0 . 
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The situation is illustrated in Fig. 2.10. Unit vectors i and j are taken east and 
north respectively. 

Let p and q denote the position vectors of the ship and helicopter respectively 
relative to the shore station at T hours after noon. We are given that 

p = (5i + 207]) km. 

Let v be the velocity of the wind. 

tan a = 3/4, a acute => sin a = 3/5, cos a = 4/5. 

=> v = 50( — sinai + cosaj) km h _1 = ( — 30i + 40j) km h _1 . 

We are given that (q — v), the velocity of the helicopter relative to the wind, 
has magnitude 60 km h -1 and direction p east of south. 

=> (q — v) = 60(sin pi — cos /?j) km h _1 

=> q = [(60 sin P — 30)i + ( — 60 cos P + 40)j] km h -1 . 

At noon q = 0. Hence T hours after noon, where T>T 0 , the helicopter has 
been flying for (T — T 0 ) hours 

=> q = [(60sin/J — 30)i 4- ( — 60 cos P -f 40)j](T— T 0 ) km. 

Interception occurs when p = q. 

=> 5 = (r- T o )(60sin P — 30); 20 T=(T- r o )(-60cosjS + 40). 

(i) r o = 0 => 5 = 30T(2 sin j? — 1) ; 1 = 2 — 3 cos P 
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=> cos P =1/3 => sin P = (2^2/3) 

=> T=( Sy/2-6)- 1 » 0-188 

=> flight time % 01 88 hours « 1 1*3 minutes. 

(ii) Flight time is ( T — T 0 ) hours = [6(2 sin /} — 1)] _1 hours. This is least when 
6(2 sin P — 1) is greatest ; that is when sin = 1 . 

sin P = 1 => (T — T 0 ) hours = (1/6) hours = 10 minutes. 

Also (T - T 0 )= 1/6 => T=T 0 - h 1/6 

=> 20(T o + 1/6) = (1/6) (40), since sin /? = 1 => cos P = 0 

=> T 0 = 1/6 hours = 10 minutes. 


Exercise 2 

1 A particle moves in a straight line Ox in the direction of increasing x so that its distance 
x from O and its speed v at any instant satisfy 

e x,a = 1 + v/V, 

where a and V are positive constants. Show that the acceleration of the particle is 
v(v + V)/a. 

2 A particle starts from O with speed U and travels in a straight line. After a time t its 
acceleration is a{\ + kt)~ 2 , where a and k are positive constants. What are the dimen- 
sions of a and kl Find the speed of the particle at time t , and show that this can never 
exceed (U + ajk). Show that the distance of the particle from O at time t is 

3 Two trains P and Q travel by the same route from rest at station A to rest at station B. 
Train P has constant acceleration / for the first third of the time, constant speed for 
the second third, and constant acceleration —/for the final third. Train Q has constant 
acceleration / for the first third of the distance, constant speed for the second third, 
and constant acceleration — / for the final third. Show that the ratio of the times 
taken by the two trains is ^(27/25) % 104. 

4 A particle moves along a straight line so that at time t its distance x from a fixed point 
O satisfies x = ccos(atf + a), where c, co and a are positive constants, with a < 3. Its 
maximum speed is 2 ms -1 and its maximum distance from O is 0-5 m. When / = 1 s, 
the particle is 0-25 m from O and travelling towards O. Find co, c and a, giving the 
value of a in radians to two decimal places. 

5 An artificial satellite is fired vertically from the Earth’s surface. When its distance 
from the centre of the Earth is jc its speed x is given by 

x= w( i -f Xx~ i y /2 , 


where X and W are positive constants. Show that this equation is satisfied when x and 
t are related by 


W(t-t 0 )IX=^j 12 





l/2-| 


where t 0 is a constant. Plot an accurate graph of ( Wt/X) against (x/X) for the case 
when t 0 = 0, and hence estimate the value of (x/X) when ( Wt/X) = 1 . 
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6 A particle is moving so that at time t its speed is v. Observations give the data below. 


t( s) 

0 

005 

010 

015 

0-20 

0-25 

0-30 

0-35 

0-40 


0 

0*35 

0-59 

0-68 

0-74 

0-79 

0-79 

0 81 

0-82 


Plot these data on a graph and draw the curve which appears to be the best fit. By 
counting squares, estimate the distance travelled between / = 0s and t = 0*40 s. Also 
estimate this distance by using the trapezium rule. 

Given that theory suggests that v and t are related by 

* = (g/k)( 1 - e-*), 

where g and k are positive constants, use your graph to obtain approximate values of 
g and k. Hence, by integration, obtain a third estimate of the distance travelled. 

7 A point is travelling in the positive direction on the x-axis with acceleration propor- 
tional to the square of its speed v. At time t = 0 it passes through the origin with 
speed gT and with acceleration g. Show that v' = v/(gT 2 ), and hence obtain an 
expression for v in terms of x, g and T. 

Prove that at time t 

x = gT 2 \n[T/(T- /)]. 

8 A particle P moves in a plane in such a way that its distance from a fixed point O has 
the constant value a. The line OP rotates in the counter-clockwise sense with (variable) 
angular speed co. By expressing the position vector r of P relative to O in the form 

r = a(icos0 + jsin 0), 

where i and j are perpendicular unit vectors, prove that the velocity r of P is perpen- 
dicular to OP and that 

if = (cb/co)t — co 2 r. 

Deduce that the magnitude of the acceleration is a^J{(b 2 + a> 4 ). 

9 A particle moving in a plane has acceleration at time t equal to 

— (D 2 {ci\ cos cot + l?jsincof), 

where a , b and co are positive constants. At time / = 0 the particle has position vector 
a\ and velocity boy Find the position vector of the particle at time /, and deduce that 
its path is an ellipse. 

10 At time t the position vector r of a particle relative to a fixed origin O satisfies 
r = c(i sin cot + jcosco/) + Utk , where U, c and o are constants. Describe the motion 
of the particle, and determine its velocity and acceleration for all t. 

11 A gramophone turntable is rotating with constant angular speed o about an axis 
through its centre O. A fly walks outwards along a radius through O with constant 
speed V relative to the turntable. Find the magnitude of the fly’s acceleration when 
it is at a distance r from O. 

12 Particles A and B start at time t = 0 from points with position vectors (5i 4- 13j) m 
and (7i + 5j) m respectively. The velocities of A and B are constant and equal to 
(3i — 5j) ms -1 and (2i — j) ms -1 respectively. Determine the velocity of A relative to 
B, and deduce that the particles collide. Find the position vector of the point of 
collision. 

13 At time t = 0 a particle A is at the origin and a particle B is at the point with position 
vector (5i — lOj — 12k) m. The particles A and B have the constant velocities 2i ms -1 
and (4i + 4j + 5k) ms -1 respectively. Show that the least distance between A and B 
in the motion is about 9-43 m. 
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14 Two straight roads OE and ON run east-west and north-south respectively. Two 
motor cars are travelling along these roads with uniform speeds. One car X is travelling 
along OE towards O with speed 42 km h _1 and the other car Y is travelling along ON 
towards O with speed 56 km h -1 . At t = 0 the distances of X and Y from O are 0*5 km 
and 0*75 km respectively. Find the closest distance between X and Y. 

15 An aeroplane, whose speed in still air is 800 kmh -1 , flies at a constant height and 
describes a horizontal circuit in the shape of an equilateral triangle of side 200 km. 
The vertices of the triangle are A, B, C, where A is north of BC, and B is due west 
of C. A wind of speed 100 kmh -1 is blowing from the west. Show that a complete 
circuit travelled in the anti-clockwise sense takes about 0*76 h. 

16 An aeroplane has constant speed 135 ms -1 in the direction of (7i — 4j — 4k) and is 
initially at the point with position vector 300 (i + 4j + 4k) m. A second aeroplane, 
initially at the origin, has constant speed u parallel to i. 

(i) Show that the aeroplanes are on a collision course if u has a certain value, and 
determine when collision is likely in this case. 

(ii) Show that when u = 135 ms -1 the minimum distance between the aeroplanes 
is 200^/2 m. 

17 A bus starts from rest and moves along a straight road with constant acceleration / 
until its speed is V; it then continues at constant speed V. When the bus starts, a car 
is at a distance b behind the bus and is moving in the same direction with constant 
speed U. Find the distance of the car behind the bus at time t after the bus has started 
for 

(i) 0 ^ t < V/f ; and (ii) t ^ V/f 

Show that the car cannot overtake the bus during the period 0 ^ t < V/f unless 
U 2 > 2 bf 

Find the least distance between the car and the bus in the case when U 2 < 2bf and 
U < V. State briefly what will happen if U 2 < 2 bf and U > V. 

18 The ends A and B of a beam of length 2 a are in contact with a vertical wall and a 
horizontal floor respectively. The vertical plane through the beam is perpendicular 
to the plane of the wall. If A is moved up the wall with constant speed V, Find the 
speed of B when AB makes an angle (n/6) with the horizontal. Find also the accelera- 
tion of B at this instant. 

19 At time / = 0 a boat S sails due east with constant speed U from a point A . Simul- 
taneously a second boat T sails with constant speed W (k < 1) from a point B which 
is at a distance d due south of A. Given that the velocities of both boats remain con- 
stant, Find the direction in which the boat T must sail in order to pass as close as 
possible to the boat S. Find the shortest distance between the boats and the value of 
t at the instant of closest approach. 

20 A helicopter has to fly in a straight line from A to B and back, where B is a distance 
d due north of A. In still air the maximum speed of the helicopter is v. During the 
flight a wind with speed u (u <v) is blowing from the south-east. In order that the 
helicopter moves along AB it is steered at an angle OioAB. Assuming that the helicop- 
ter maintains its maximum speed throughout the flight, show that v^J 2 = u cosec 0, 
and that the speed of the helicopter (flying from A to B) relative to the Earth is 
vcos 0 4- jUy/2. 

Show that the time taken for the complete journey is 

2dJ(v 2 - ju 2 ) 

( v 2 — u 2 ) 
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3 Newton's laws of motion 


3.1 Introduction 

The purpose of this chapter is to introduce and explain the laws that enable 
us to obtain the acceleration of a particle. Once this has been done we can use 
the methods discussed in Chapter 2 to find the particle’s velocity and position. 
The laws were formulated by Sir Isaac Newton and were published in 1687. 

3.2 Force 

The basic idea underlying Newton’s laws is that a particle accelerates when, 
and only when, it is acted on by a force. We shall soon see that the word ‘force’ 
has a precise meaning in mechanics, unlike its use in everyday language, and 
that it is a vector quantity. Before giving a precise definition, it is useful to 
describe some forces that are important in mechanics. 

When a ball is thrown into the air it falls back to the ground because the 
Earth exerts a force on it. This force is due to gravity , a phenomenon whose 
influence is universal in the sense that every particle exerts a gravitational 
force on every other particle. Gravity is also the origin of the force which 
enables the Earth to move round the Sun, and of the force which causes a body 
to have weight. In fact the weight of a body is defined to be the gravitational 
force exerted on it by the Earth. When we lift a body, our muscles have to exert 
a force sufficient to overcome its weight. 

Another common and important force is friction between two surfaces in 
contact, which are moving, or trying to move, relative to one another. We are 
able to walk only because the ground exerts a frictional force on our feet in 
the direction of movement. Similarly, the acceleration of a car is caused by the 
frictional force exerted by the road on its tyres. Although we shall study friction 
in more detail later, we know from everyday experience that the magnitude of 
the frictional force between two touching surfaces depends on the nature of 
these surfaces. It is much easier to walk on a road than on ice because the road 
can exert a greater frictional force on our feet than can ice. For the same reason, 
much attention is devoted to the design of car tyres because of the large frictional 
force required between them and the road surface to avoid skidding. 

Among other types of forces that we shall meet are elastic forces, such as 
those enabling a catapult to operate, and air resistance , so important in the 
design of aircraft and other bodies moving at high speed. 

The magnitude of a force and the direction in which it acts both depend on 
its type. Later we shall learn how to give a mathematical description of these 
different types of forces. 
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For the moment, the basic point is that the motion of a body is determined 
by the net effect of all the forces acting on it. 


3.3 Newton's laws of motion 

We shall state Newton’s laws of motion in modern language rather than use 
his words. There are three laws. Newton’s First Law is: 

When there are no forces acting on a particle , it moves with constant velocity. (3.1) 

Newton’s First Law is often stated as: ‘When there are no forces acting on a 
particle, it moves with constant speed along a straight line’. By the work in §2.3, 
this is the same as (3.1), since a velocity is constant only when its magnitude 
and direction are separately constant. The First Law does not determine the 
value of the constant velocity with which a particle moves when no forces act 
on it. Indeed any constant velocity is consistent with the law. In particular, the 
constant velocity may be zero, in which case the particle is at rest. 

It follows from Newton’s First Law that when the acceleration of a particle 
is not zero, the total force acting on it cannot be zero. This fact is the basis of 
Newton’s Second Law, which is : 

The force on a particle is equal to the product of its mass and acceleration. 

Note first that, as seen in §2.3, the acceleration of a particle is a vector. Newton’s 
Second Law then shows that the force on a particle is a vector. Denoting this 
vector by F, Newton’s Second Law can then be written 

F = ma, (3.2) 

where m is the mass of the particle and a is its acceleration, defined in (2.19) 
as v, where the dot over v denotes its rate of change with respect to time. 

In (3.2) the force F is the net force on the particle, so that if two (or more) 
forces act on the particle, then F is the vector sum of these two (or more) 
separate forces. 

Equation (3.2) shows that the dimension of force is MLT -2 and that its units 
are kg ms -2 . In fact force is such an important quantity that its unit, namely 
1 kg ms -2 , is given the special name of 1 newton (abbreviated to 1 N). 


Example 1 A particle of mass m is moving so that at time t its position vector 
with respect to a fixed origin is r = V/ 4- yg t 2 , where V and g are constant 
vectors. Find the force F on the particle. Find also the magnitude of F when 
m = OT kg and g has magnitude 9-81 ms -2 . 


(2.15) => v = r = V + g /. 
(2.19) => a = v = g. 

(3.1) => F = mg. 

Hence |F| = m\g\ = 01 x 9*81 N = 0*981 N. 
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Example 2 To a good approximation the Earth is moving round the Sun with 
constant speed in a circular path of radius 1*5 x 10 11 m. Given that the mass 
of the Earth is approximately 6 x 10 24 kg, find the magnitude and direction of 
the force exerted on the Earth. 


The Earth takes « 365 days « 3T 5 x 10 7 s to move once round the Sun. Hence 
its speed 


2k x 1-5 x 10 11 

v « = — 

3T5 x 10 7 


ms 


« 2-99 x 10 4 ms -1 . 


By (2.23) its acceleration a is directed towards the Sun and has magnitude 


(2-99 x 10 4 ) 2 
1-5 x 10 11 


ms 2 % 5-96 x 10 3 


ms 


-2 


By (3.2) the force on the Earth has magnitude 

[(6 x 10 24 ) x (5-96 x 10“ 3 )] N % 3-6 x 10 22 N, 
and is directed towards the Sun. 


The third and last of Newton’s laws concerns the forces which two particles 
exert on one another. Let the two particles be denoted by P and Q. Then 
Newton’s Third Law is : 

IfP exerts a force F on Q , then Q exerts a force — F on P. (3.3) 

In many books this law is often stated as : 4 Action and reaction are equal and 
opposite’. We can think of the force F exerted on Q by P as the ‘action’, and 
the force — F exerted by Q on P as the ‘reaction’. However this terminology 
suggests that the reaction is a consequence of the action, and this is not generally 
true. 

Example 3 A horse is pulling a cart along a level road by means of light traces. 
Show on a clear sketch the forces causing the motion of (i) the horse, and (ii) 
the cart. 

Criticize the statement : ‘Although the horse is pulling the cart forwards, the 
cart is pulling the horse backwards with an equal and opposite force. Therefore 
there would be no motion except for the fact that the horse pulls first’. 

The situation is sketched in Fig. 3.1. Let us suppose that the cart has two wheels 
in contact with the road along a line passing through A. To avoid unnecessary 
complications, the sketch shows only two legs of the horse, and the feet on 
these legs are in contact with the road at B and C. The traces are fastened to 
the cart at D and to the horse at E. 

The forces acting on the horse are : 

(a) its weight W acting vertically downwards; 

(b) the force R exerted by the ground on the horse; 
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direction of motion 



Fig. 3.1 Sketch illustrating Example 3. 


(c) the force T exerted by the traces on the horse. 

Let i and j be unit vectors in the directions shown on Fig. 3.1 ; thus i is in the 
direction of motion of the horse and cart, and j is vertically downwards. We 
express the forces (a), (b) and (c) in terms of their components with respect to 
i and j. For (a) and (c) this is easy. Thus W = Wy where W is the magnitude of 
the horse’s weight, and T = — 71, where T is the magnitude of the force exerted 
by the traces and the minus sign is put in because T acts in the opposite direction 
to i. The direction of R is not parallel to i or j, that is R has non-zero components 
in both the horizontal and vertical directions. We therefore write R = Fi — Gy 
The total force on the horse is 

W + R + T = (F- T)\ + (W — G)j. 

The acceleration of the horse is horizontal and so is equal to a\. Let m be the 
mass of the horse. Then from (3.2), 

(F — T)\ + (W-G)\ = ma\ 

=> F-T=ma , W-G = 0. (3.4) 

Thus, G = W shows that the vertical component of R, the force exerted by 
the ground on the horse, balances the weight of the horse. The equation 
F — T = ma shows that the value of a is determined by the values of F and T , 
and the horse can move its legs to control the value of F. If it wishes to increase 
its speed it moves its legs so that F> T. The value of F (and of G = W) is 
made up of contributions from each foot in contact with the ground. 

Now consider the motion of the cart. The traces exert a pull on it. Since the 
traces are light their mass can be neglected. Hence, by applying (3.2) to the 
traces, the total force exerted on the traces is zero. Therefore the force exerted 
on the cart by the traces is 71. The other forces exerted on the cart are its weight 
W x \ and the force = F t i — GJ exerted by the road on the cart. The accelera- 
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tion of the cart is the same as that of the horse, namely ai , so that, denoting 
the mass of the cart by m i , equation (3.2) gives 

C F l + T)i + (W l -G 1 )i = m 1 ai 

=> F 1 + T=m 1 a, W x - = 0. (3.5) 

Except for the fact that the cart, being inanimate, is unable to control the value 
of Fj, the interpretation of (3.5) is similar to that of (3.4). (But note that F x 
will normally be negative since it must act to turn the wheels in a clockwise 
sense.) 

It is important to note that according to (3.3) there are forces — R and — R x 
exerted on the ground by the horse and by the cart respectively. These forces 
have not been considered because they influence the motion of the ground, 
which is not relevant to the question. 

Also note that by adding (3.4) and (3.5) we obtain 

(F + F x ) = (m + m x )a, 

which is an equation for the motion of the horse and cart together. 

The discussion shows that there are three basic errors in the quoted statement : 

(i) the forces exerted by the road are ignored; 

(ii) it does not distinguish between forces exerted on the horse and forces 
exerted by the horse ; 

(iii) action and reaction are simultaneous so ‘first’ is nonsense. 

3.4 Some comments on Newton's laws of motion 

Since Newton’s laws were first proposed almost 300 years ago they have been 
found to be consistent with the results of an extremely wide range of 
experiments. 

It was in 1905 that Einstein proposed, in the theory of Special Relativity, 
that Newton’s laws needed to be modified for particles whose speeds are close 
to c, the speed of light. The value of c is about 3 x 10 8 ms -1 . The principal 
modification is embodied in the Second Law (3.2). 

According to the theory of relativity, the mass m of a body is not constant 
but depends on the speed v with which the body is moving according to the 
formula 


m = 


m n 


c 


(3.6) 


where v = |v| is the speed of the body and m 0 is a constant equal to the body’s 
mass when it is at rest (the rest mass). 

We then define the momentum p of a particle by 

p = mv, (3.7) 
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where m is given in terms of m 0 , v and c by (3.6). Thus p is a vector parallel 
to v. Einstein’s theory shows that Newton’s Second Law must always be written 
in the form 


F = p = ^(mv). (3.8) 

Since m varies when v varies, m ^ 0. Hence, by the product rule of differentia- 
tion, the right-hand side of (3.8) is mv 4- mv. Since v = a, the right-hand sides 
of (3.8) and (3.2) differ by the extra term mv in (3.8). In fact Newton quoted 
his Second Law in the form (3.8). Therefore Einstein’s original contribution 
is not (3.8) but equation (3.6) giving the dependence of m on m 0 , i; and c. 

However the most important point is that in most everyday circumstances 
there is no practical difference between (3.2) and (3.8) because the speeds 
concerned are so much less than c that there are no observable differences 
between m and m 0 . Suppose, for example, that we are considering the motion 
of an aircraft whose speed is 300 ms -1 (approximately the speed of sound). 
According to (3.6) 



so that m = m 0 for all practical circumstances. Even for a particle moving at 
one tenth of the speed of light, m is only about 1 005 m 0 . In this book we shall 
be concerned, as explained earlier in §1.2, only with motions for which m and 
m 0 are effectively the same, so we can use either (3.2) or (3.8) and regard m as 
constant. 

It is often pointed out that Newton’s First Law (3.1) is the special case of 
Newton’s Second Law (3.2) when F = 0. This is of course true. However there 
is much to be said for keeping the two laws separate since stating the First 
Law is really equivalent to stating that it is possible to observe motions of 
particles at constant velocity when there are no forces acting on them. In other 
words, the First Law is really a statement that there exists a frame of reference 
(by which is meant an origin and a cartesian basis of three vectors) with the 
property that Newton’s First Law (3.1) is true for an observer fixed relative to 
this frame. Such a frame is called an inertial frame of reference. 

Exercise 3 

1 A particle of mass m is moving so that at time t its position vector r with respect to 
a fixed origin is r = tf(icos2a>f 4 jsin2cof), where a and <o are positive constants. 
Show that the force F acting on the particle is given by F = — 4mco 2 r. Calculate the 
magnitude of F when a = 0-5 m, o = 2 s -1 and m = 01 kg. 

2 At time t a ball of mass m has position vector r with respect to its initial position, where 

r = V(1 — Q-^/k + g(l - kt - Q~ kt )/k 2 , 

k being a constant positive scalar, and V and g being constant vectors. Determine the 


34 Newton's Laws and Particle Motion 



velocity v and acceleration a of the ball at time t. Hence show that the force F acting 
on the ball always satisfies F = —m ( g + ky). What are the units of k and V? 

3 According to a simple theory, the magnitude L of the lift force on an aeroplane of 
wing-span a is proportional to a m p n v p , where p is the density of the air, v is the speed 
of the aeroplane, and m, n , p are numerical constants. Determine the values of m , n , p 
so that the theory is dimensionally consistent. 

4 The magnitude W of the weight of a body of mass m is defined by W = mg , where g 
is a constant whose approximate value is 9*81 ms -2 . Show that 1 lb wt, the magnitude 
of the weight of a body of mass 1 lb, is approximately 4-45 N. 

When a force of magnitude Facts upon an area A it is said to exert a pressure equal 
to (FI A). The air pressure in a car tyre is 28 psi (where 1 psi is the pressure exerted by 
a force of magnitude 1 lbwt acting on an area of 1 square inch). Determine this 
pressure in Nm -2 , giving your answer to three significant figures. Also show that an 
atmospheric pressure of 1000 millibars, where 1 millibar = 10 2 Nm -2 , is approx- 
imately 14*5 psi. 

5 The rest mass of a proton is approximately 1-67265 x 10~ 27 kg. Estimate its mass 
when it is moving with speed 0-995c, where c is the speed of light, and also the mag- 
nitude of its momentum in kg m s _1 . 
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4 Examples of particle motion 


4.1 Introduction 

In this chapter we describe some of the most common forces which cause 
particles to move, and then we use Newton’s Second Law (3.2) to study some 
of the properties of these motions. 

4.2 Motion under a constant force 

Since we shall meet several important situations in which the force F acting 
on a particle is constant, it is useful first to derive and summarize some of the 
results that apply in all such cases. When F is constant, (3.2) shows that its 
effect on a particle of mass m is to give it a constant acceleration a, where 

a = — F. (4.1) 

m 

Remember the term ‘constant’ means ‘unchanging with time’, and a constant 
vector is one whose magnitude and direction are both constant. 

By (2.19) v = a, where v(t) is the velocity of the particle at time t. Since a 
is constant, the derivative of a/ is a. Hence v and a t have the same derivative. 
In other words 


v = 2 it + u, (4.2) 

where u is a constant (vector) equal to the velocity of the particle when t = 0. 

By (2.15) r = v, where r(/) is the position vector of the particle with respect 
to the origin O at time t , and v is given in this case by (4.2). Since a and u are 
constant in (4.2), the derivative of ^a/ 2 + ur is a/ + u = v by (4.2). Hence r and 
|a t 2 + u; differ only by a constant. Hence 

r = ya t 2 + ut + d, (4.3) 

where the constant d is the position vector of the initial position of the particle. 
It is often convenient to choose the origin O to be this initial position ; in that 
case d = 0 in (4.3). 


Example 1 A particle of mass 2 kg is acted on by a constant force (4i -h 8j) N. 
At t = 0, the particle has velocity (— j + k) ms -1 and position vector (i + k) m. 
Determine the position vector of the particle when t = Is, and find its distance 
from O at this time. 
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(4.1) => a = (2i + 4j) ms 2 . 

Putting u = (— j + k) ms -1 , d = (i + k) m, and / = 1 s in (4.3) gives 
r = [i(2i + 4j) + (-j + k) + (i + k)] m 
= (2i + j + 2k) m. 

Hence the distance from O when t — 1 s is 

|r| = yj{2 2 + l 2 + 2 2 ) m = 3 m. 

Example 1 illustrates the use of (4.1) and (4.3) when the components of a, 
u and d are known. 

In many applications the motion takes place along a straight line; that is a 
and u are in the same direction. We can then choose this direction to be j and 
put a = tfj, u = wj. From (4.2), we obtain v = uj, and hence 

v = u + at. (4.4) 

Equation (4.3) gives (r — d) = (\at 2 + ut) j. This shows that the displacement 
of the particle relative to its initial position is also parallel to j. Let this displace- 
ment be sj, so that 

s = ut + \at 2 . (4.5) 

There are many useful relationships between the quantities appearing in (4.4) 
and (4.5). For example, it follows from (4.4) that 

v 2 = u 2 - h luat + a 2 1 2 = u 2 + 2 a(ut + |tf/ 2 ). 

Hence 

v 2 = u 2 + 2 as, (4.6) 

where s is given in (4.5). Another relationship is 

s — \{u 4- v)t. (4.7) 

The derivation of (4.7) is left as an exercise for the reader. 

Examples of the use of equations (4.1)-(4.7) occur later in this chapter. It 
is however necessary to stress that all of the formulae except (4.1) apply only 
in situations where the force F, and hence the acceleration a, is constant. 


4.3 Motion under gravity near the Earth's surface 

One of the most important applications of the results in §4.2 is to motion under 
gravity near the Earth’s surface. As explained briefly in §3.2, the Earth exerts 
a force on every particle. This force is directed vertically downwards, that is 
towards the centre of the Earth, and is called the weight of the particle. 
Let j be a unit vector vertically upwards. Then the weight W of a particle of 
mass m is given by the formula 
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W = — W], where W — mg. (4.8) 

In (4.8), g is a quantity with the dimension of an acceleration. The value of g 
varies slightly from place to place on the Earth’s surface. In England g is 
9*81 ms -2 to a good approximation, and it can therefore be taken as 10 ms -2 
in many rough calculations. This explains the choice of g = 10 ms -2 in the 
calculations for Fig. 2.1. 

When a particle is above the Earth’s surface, the magnitude of the force 
exerted on it by the Earth is less than mg. But, as we shall see in §4.4, the 
difference is insignificant unless the height is large, comparable indeed to the 
radius of the Earth, which is about 6*4 x 10 6 m. 

Therefore, in studying the motion of a particle near the Earth’s surface, we 
can accept that the force of the Earth on the particle is constant (in magnitude 
and direction). Assume for the moment that the only force exerted on the 
particle is its weight W so that, in particular, we neglect any air resistance. 
By (4.1) and (4.8), the acceleration a of the particle is constant and equal to 
— g\. Hence we can apply the formulae in §4.2. We begin with an example 
in which the motion is in a vertical straight line. 

Example 2 A ball is thrown vertically upwards with an initial speed of 8-4 ms -1 
from a point 1-3 m above the ground. Taking g as 9-8 ms -2 , and neglecting 
air resistance, find 

(i) the maximum height above the ground reached by the ball ; 

(ii) the time before the ball hits the ground. 

(i) We use (4.6) with u = 8*4 ms -1 and a = —9-8 ms -2 . 

When the ball is at its maximum height, its speed v is zero. Let its height 
above the point of projection be s m. 

(4.6) => 0 = (8-4) 2 — 2x9-8 xs => j = 3-6. 

=> maximum height above ground = (3-6 H- 1*3) m = 4-9 m. 

(ii) The time t x s taken to reach maximum height can be obtained from (4.4) 
with v = 0, u = 8-4 ms -1 and a = —9-8 ms -2 . 

(4.4) => 0 = 84-9-8/! => /! = (6/7). 

The time t 2 s taken to fall from the maximum height to the ground 4-9 m 
below can be found from (4.5). If in this calculation we measure distance 
vertically downwards and time from the instant of achieving maximum height, 
we have u = 0, a = 9-8 ms -2 and, from the result of (i), 5 = 4-9 m. 

(4.5) => 4-9 = i x 9-8 x t 2 2 => t 2 = 1. 

=> time before ball hits ground = (/j -f t 2 ) s = (13/7) s. 

Alternatively, we can obtain the time T s before the ball hits the ground directly 
from (4.5) as follows. Measuring distance vertically upwards from the point of 
projection, we have t = T s, u — 8-4 ms -1 , a = —9-8 ms -2 and s = — 1-3 m. 
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(4.5) => — 1-3 = 8-4T — A9T 2 

=> 49T 2 - 84T- 13 = 0 
=> (IT - 13)(7r+ 1) = 0. 

Thus T = (13/7) as before, provided we reject the negative root T = —(1/7). 
However, this negative root does have an interesting significance. Can you see 
what it is? 

We now consider cases in which the motion is not in a straight line. This 
happens when the initial velocity u is not vertical. We have already chosen j 
to be vertically upwards; let us, in addition, choose the direction of i so that 

u = i V cos a + j Ksin a. (4.9) 

In (4.9), V > 0 is the speed of projection, i is in a horizontal direction and, as 
Fig. 4.1 shows, a is the angle of projection above the horizontal. We can allow 
negative values of a; they arise when the vertical component of the initial 
velocity is towards the Earth as, for example, when a stone is thrown down- 
wards from the top of a cliff. 

We continue to take the acceleration equal to —g\. The velocity v at time t 
after projection is given by (4.2) as 

v = iKcosa + j(Ksina — gt). (4.10) 

The position vector r of the particle at time t after projection is given by (4.3). 
For convenience we choose the origin O to be at the point of projection. Then 
d = 0 in (4.3) so that 

r = iK/cosa + \(Vt sin a — \gt 2 ). (4.11) 

Note that (4.10) and (4. 1 1) are the same as (2.29) derived in Example 10, p. 22. 

Equations (4. 10) and (4. 1 1) are the basic equations for the study of projectiles , 
which are particles moving in the atmosphere under the Earth’s gravitational 
field when air resistance is neglected. We now develop and apply some of the 
principal results that can be obtained from (4.10) and (4.11). It is convenient 
to let x and y be the components of r, so that from (4.1 1) 

r = xi+jj; x=Vtcosa , y = F/sina — \gt 2 . (4.12) 
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Consider a projectile fired from a point on horizontal ground. It will hit the 
ground again when y = 0. From (4.12), this means that 0 = Vt sin a — \gt 2 . 
Thus t = 0, the instant of projection, when y is also zero, or t = T, where 


2 K sin a 
9 


(4.13) 


Thus T is the time of flight. The horizontal distance R travelled in time T is 
known as the range (on the horizontal plane through O). By substituting t = T 
in the formula for x in (4.12), we find 


R = 


2V 1 cos a sin a 
9 


V 2 sin 2a 
9 


(4.14) 


where we have used the trigonometric formula sin 2a = 2 sin a cos a. For a given 
speed of projection V, the range R has a maximum when sin 2a has a maximum. 
This occurs when 2a = n/2. So the maximum range is V 2 /g attained by firing 
in a direction 45° above the horizontal. 

It is also of interest to determine the greatest height H above the ground of 
the projectile during its flight. The formula for y in (4.12) can be rearranged 
by completing the square to 


F 2 sin 2 a 1 ( Ksina 

““ 20 2 g V~~J~ 


2 


Since [t — (V sin a)/#] 2 is zero when t = (V sin a )/g, and positive otherwise, y has 
its maximum value when t = (Fsina)/#, and substituting back into (4.12) gives 


= V 2 sin 2 a 
2 9 


(4.15) 


This result may also be obtained from the formula for y in (4.12) by differ- 
entiating with respect to t and so obtaining y— Ksin a — gt. Stationary values 
of y occur when y = 0; thus, as before, the maximum value of y is reached 
when t = (Fsina)/# and substitution in the formula for y gives (4.15). Since;) 
is the vertical component of v, this method confirms the physically obvious 
result that the particle is at its maximum height above the ground when it has 
no vertical component of velocity, that is when it is instantaneously moving 
horizontally. Either method of derivation of (4. 1 5) shows also that y = H when 
t = \T, where T is the time of flight given by (4.13). 


Example 3 A golfer strikes a golf ball so that its initial velocity makes an 
angle tan -1 (1/2) with the horizontal. Given that the range of the ball on the 
horizontal plane through the point of projection is 156-8 m, calculate the 
greatest height of the ball above the plane and its time of flight. Take g as 
9-8 ms -2 and ignore air resistance. 

Since a = tan -1 (1/2), 

sin a = 1 /J5, cos a = 2/^/5, sin 2a = 4/5. 
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Using (4.14) with R = 1 56*8 m, g = 9-8 ms 2 
=> V 2 = 1920-8 m 2 s~ 2 . 

(4.15) => H= (1920-8 x 0-2)/(2 x 9-8) m = 19 6 m 
(4.13) => 7(1920-8 x 0-2)/4-9 s = 4 s. 

In some circumstances it is necessary to know the equation of the path of the 
projectile. From the formula for x in (4.12), we obtain t = (xseca)/K. Sub- 
stituting in the formula for >> in (4.12), we find 

_ ( V sin a) (x sec a) gx 2 sec 2 a 
y ~ V 2V~ 2 

=> y = x tan a — ^2 sec 2 a. (4.16) 

In using (4.16) (as in the following Example 4), it is often convenient to use the 
trigonometric identity sec 2 a = 1 -F tan 2 a and rewrite (4.16) as 

y = xtana — |^(1 + tan 2 a). (4.17) 

Equation (4.16) — or (4.17) — is the equation of a parabola ; this can be seen 
most simply by rewriting the equation of the trajectory in the form 

where H and R are given in (4.15) and (4.14) respectively. When written in this 
form it is clear that the axis of the parabola is vertically downwards and that 
its vertex is at x = \ R , y = //, that is the point where the projectile is at its 
maximum height above the point of projection. 

Note also that the results in this section, though written in terms of the 
motion of projectiles, show that the path of any particle subject to any constant 
force (whatever its cause) is a parabola (exceptionally a straight line). 


Example 4 A batsman strikes a ball at a height of 1 m above the ground giving 
it an initial speed of 25 ms -1 at an angle of 30° above the horizontal. The ball 
just clears the boundary without bouncing. Find the distance of the boundary 
from the batsman, neglecting air resistance and taking g = 9-8 ms' 2 . 

Let the boundary belm from the batsman’s feet. Since x and y in (4.16) and 
(4.17) are measured from the point of projection, the boundary is at x = X m, 
y = — 1 m. Putting these values in (4.17) with V = 25 ms -1 , g = 9-8 ms -2 and 
tana = 1/^/3 gives, after some simplification, 

X 2 — 55-23 12AT — 95-6633 = 0. 

This is a quadratic equation for X with two real roots, one positive and one 
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negative. We obviously want the positive root. Use of the formula for the roots 
of a quadratic equation gives X % 56-9. 

We conclude this section with two further worked examples illustrating other 
types of problem that can be solved using the methods described above. 

Example 5 A shell is fired with muzzle speed V from a gun situated at a point 
A on the sea shore to hit a vessel which, at the instant of firing, is at a point B 
and moving with constant speed U(< V) in a direction perpendicular to AB. 
If a is the angle of elevation of the gun and AB = d , prove that 

g 2 d 2 = 4K 2 sin 2 a(F 2 cos 2 a — U 2 ). (4.18) 

Show that the vessel cannot be hit if gd > V 2 — U 2 . 

For this problem a diagram is essential. As Fig. 4.2 shows, the shell must not 
be aimed to land at B but at C, another point on the vessel’s track, at the same 
time as the vessel reaches C. Therefore, if T denotes the time of flight, the point 
C must be chosen so that BC = UT. Also AC = R, the range of the shell. 

By Pythagoras’ Theorem 

AC 2 = AB 2 + BC 2 => R 2 = d 2 + U 2 T 2 . 

(4.14) => gR = 2K 2 cosasina; 

(4.13) => gT = 2Fsina. 

=> g 2 d 2 = g 2 R 2 — g 2 U 2 T 2 — 4 K 4 cos 2 a sin 2 a — 4K 2 (/ 2 sin 2 a. 

=> g 2 d 2 = 4F 2 sin 2 a(F 2 cos 2 a — U 2 ). 

Use of cos 2 a = 1 — sin 2 a => g 2 d 2 = 4K 2 sin 2 a[(F 2 — U 2 ) — K 2 sin 2 a] 
=> g 2 d 2 = ( V 2 _ ij 2}2 _ [2F 2 sin 2 a-(K 2 - U 2 )] 2 . 


track of vessel 



Fig. 4.2 Sketch illustrating Example 5. 
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Since a square is never negative, it follows that (4.18) cannot be satisfied for 
any a if g 2 d 2 > (V 2 — U 2 ) 2 ; that is the vessel cannot be hit if gd> V 2 — U 2 . 
(Note that when gd ^ V 2 — U 2 the vessel can be hit, and (4.18) is an equation 
from which the value of a that ensures a hit can be determined.) 


Example 6 A shell bursts on level ground throwing fragments with initial 
speed V in all directions. After a time T a fragment hits the ground at a distance 
R from the place where the shell burst. Show that 

g 2 T 4 — 4V 2 T 2 + 4R 2 = 0. 

Hence, taking g as 10 ms -2 , estimate the period of time during which a 
man standing 30 m from the shell is in danger of suffering a direct hit when 
V= 30 ms -1 . 

(4.13) => gT = 2Vsinoc 

=> 4F 2 sin 2 a = g 2 T 2 , 

4V 2 cos 2 oc = 4V 2 — g 2 T 2 . 

(4.14) => 4 R 2 = (4 V 2 sin 2 ct)(4V 2 cos 2 <x)/g 2 

= 4 V 2 T 2 -g 2 T 4 , 
on substituting for sin 2 a and cos 2 a, 

=> g 2 T 4 - 4V 2 T 2 + 4R 2 = 0. 

This is a quadratic equation for T 2 whose roots are 



=> T 2 = (18 ± \2yj2) 


S 2 = 6(^/2 ± l ) 2 s 2 


on substituting the given values of g, R and V. The two positive values of T are 
therefore ^6(^2 + 1) s and ^6(^/2 — 1) s. The man is in danger between these 
two times, that is for a period of 2^6 s « 4-9 s. 


4.4 Newton's law of gravity 

According to Newton’s law of gravity every particle in the universe exerts a 
force on every other particle. Consider two particles of mass M and m located 
at A and B respectively; the situation is illustrated in Fig. 4.3. Let the directed 
line segment AB specify the vector r, so that AB = |r| = r. 

The law of gravity states that the particle of mass M at A exerts a force F on 
the particle of mass m at B. The direction of F is towards A , that is parallel to 
— r, and the magnitude of F is GMm/r 2 , where G is Newton’s gravitational 
constant equal to 6-67 x 10 -11 m 3 kg -1 s -2 . Since (r/r) is a unit vector parallel 
to r, the force F exerted by the particle of mass M on the particle of mass m is 
therefore given by 
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Fig. 4.3 


F 


GMm r 


GMm 

— 5— r 


(4.19) 


(Note that F is an attractive force; that is it acts on the particle of mass m in 
the direction that tends to reduce AB = r.) 

By Newton’s Third Law (3.3), the particle of mass m exerts a force — F on 
the particle of mass M. 

Although the law of gravity was formulated in terms of particles, it can be 
shown to have much wider application. For example the gravitational force 
between two uniform spherical bodies of mass M and m with centres A and B 
respectively is also given by (4.19), and the gravitational force between two 
bodies of any shape is also given to good approximation by (4.19) provided 
the distance between the bodies is much greater than their average diameters. 

An example illustrating the use of (4. 19) has already been given in Example 4, 
p. 12, and, as shown by Newton and others, (4.19) gives the force that causes 
planets to move around the Sun in closed orbits. 

We wish to reconcile (4.19) with the result of (4.8), namely that the Earth 
exerts a force of magnitude mg on a body of mass m at its surface, and that 
this force is vertically downwards. Since ‘vertically downwards’ means ‘towards 
the centre of the Earth’, (4.19) gives the observed direction. It remains only 
to demonstrate that the magnitude of F in (4.19) is mg. But, from (4.19), 
|F| = GMm/r E 2 , where r E is the radius of the Earth and M is its mass. Using 
the values given in Example 4, p. 12, we find, as expected, 



'6-67 x KT 11 x 5-98 x 10 24 
(6-37 x 10 6 ) 2 


ms 2 ^ 9-8 ms 2 . 


The conclusion is that (4.8) and (4.19) are consistent, and that 


9 = 


GM 


(4.20) 


Now consider a body of mass m at a height h above the Earth’s surface, 
so that its distance from the centre of the Earth is ( r E + h). By (4.19), the Earth 
exerts a force of magnitude |F| on the body, where 


GMm 


(r E + h) 2 r E 


GMmL + l 


and using (4.20) 


= mg 


1 + — 
r E 


(4.21) 
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In §4.3, we assumed that |F| is equal to mg , and we now see that our 
assumption is justified provided (1 + h/r E )~ 2 can be approximated by 1. Since 
r E % 6-37 x 10 6 m, this is true unless h is very large. For example (1 + h/r E )~ 2 
does not fall below 0-95 until h is greater than about 1 *66 x 10 5 m. 

4.5 Air resistance 

In §4.3 we neglected variations in the gravitational force on a particle as it 
moved near the Earth’s surface, and this is shown to be justified in §4.4. But 
we also neglected all other forces on the particle, particularly air resistance; 
this neglect is not usually justified. 

When a body moves in a fluid , which means a gas or a liquid, it pushes the 
particles of fluid which therefore accelerate. By Newton’s Second Law applied 
to the fluid, the body must exert a force on the fluid. By Newton’s Third Law 
(3.3), the fluid exerts an equal and opposite force on the body. The component 
of this force in the opposite direction to that of the motion of the body is known 
as drag, or, when the fluid is air, as air resistance. 

The drag always opposes the motion of the body. Its magnitude depends in 
a very complicated way on both the properties of the fluid and the way in which 
the body is moving, especially its speed v, where v = |v|. For very low speeds , 
the magnitude of the drag is proportional to v and, as a vector, the drag on 
the body is — mks , where k is a positive constant. For a body also acted on 
by gravity, the total force F on the body is therefore — mg\ — mks , where j is 
a unit vector pointing vertically upwards. By Newton’s Second Law (3.2), it 
then follows that the equation of motion of the body is 

ma = —mg\ — mks 


=> ^- + ks=-g' h (4.22) 

at 

since, according to (2.19), a is the rate of change of v with respect to time. 

However (4.22) only applies for very low speeds. Normally, the magnitude 
of the drag is proportional to v a , where a > 1, and a good approximation in 
practice is that it is proportional to v 2 . As a vector, the drag on the body can 
therefore be written — mkv 2 s , where k is a positive constant and v is a unit 
vector parallel to v. Thus v = v/|v| and, since v 2 = |v| 2 , the drag is also equal 
to —mk\s\s. The equation of motion analogous to (4.22) is now 

^ + fc|v|v = -gl (4.23) 

Note that the acceleration ^ in both (4.22) and (4.23) depends on v, and is 

at 

therefore not constant. Consequently the results derived in §4.2 cannot be used. 
It is beyond the scope of this book to consider the effect of air resistance on 
projectiles in general, and we shall confine our attention to the special case of 
a particle moving in a vertical straight line. The use of (4.22) in such cases is 
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typified by Example 5 in §2.2 (p. 13) for, if we have a particle moving vertically 
downwards with speed v, we can write v = — v] in (4.22) and obtain 


dt; , 

A, = g - kV ' 


which was the equation solved in Example 5, p. 13. Therefore we now concen- 
trate on cases where the air resistance is proportional to v 2 . 


Example 7 A ball of mass m is thrown vertically upwards with initial speed V. 
Its speed vertically upwards at time t after release is v, and the air resistance 
has magnitude mkv 2 , where k is a positive constant. Show that the time taken 
for the ball to reach its maximum height is T, where 


T = 


1 

s/(gk) 


arctan 



(4.24) 


Given that V = 20 ms x ,g = 9-8 ms 2 and k = 0 005 m 1 , show that T is about 
6% less than it would be with no air resistance. 


Since the ball is travelling upwards, we put v = v\ in (4.23). Also |v| = v, so 
(4.23) gives 

^ ;=-(9 + kv 2 ) (4.25) 


1 


dt? 


(g + kv 2 ) dt 


= -1 


A/_ 


1 


^\y/(gk) 

Here we have used the result 


arctan 


kv 2 
9 




_d 

dt 


arctan 


t_ 

a 


a 

^TT 2 ’ 


with the constant a equal to J(g/k). Using the same idea as in Example 5, p. 13, 
gives 


1 

y/m 


arctan 


kv 2 

9 


= C-t 9 


(4.26) 


where C is a constant. When t = 0, v = V so that 


C = 


1 

J(gk) 


arctan 



When the particle is at its greatest height v = 0 and t = T. Since arctan 0 = 0, 
we find T = C as required. 

Without air resistance, let the time to maximum height be T 0 . The acceleration 
is now constant and equal to —gj. We put v = 0, u = V and a = — g in (4.4) 


46 Newton's Laws and Particle Motion 



and obtain T 0 = V/g. Hence 



r 

arctan 

_\\ 9 /_ 



With the given numerical values yJ(kV 2 /g) « 0452. Using a calculator, 
T/T 0 « (0425/0452) « 0-94, that is T is about 6% less than T 0 . 


To find the value of the maximum height H reached by the ball in this last 
example (Example 7), we use (24) to rewrite (4.25) as 


_d_ 

dx 


v^= -(g + kv 2 ). 
dx 


v \ dv _ 
g T kv 2 J dx 

\n(g + kv 2 ) 


2k 




Proceeding as in Example 7, we obtain 

\n(g + kv 2 ) = \n(g + kV 2 ) — 2 kx 
=> In g = In (g + k V 2 ) — 2kH 

u 1 , /, k yl 

2 k \ g 


(4.27) 


(4.28) 


Without air resistance the maximum height reached H 0 can be found from (4.6), 
and is V 2 /(2g) 

kV 2 ' 

in I I -J- 

Ho 


In 1 + ■ 


kV : 


9 


9 


and is about 0*91 with the numerical values of Example 7. 

Once the ball reaches its maximum height, it begins to fall. Let its speed 
subsequently be v so that v = — vj, |v| = u, remembering that j is vertically 
upwards. Then (4.23) leads to the equations 

^ = (g - kv 2 ) or v^- = (g- kv 2 ), (4.29) 

dt dx 

which replace (4.25) and (4.27) respectively in the downwards motion. Notice 
that in the upwards motion both gravity and air resistance act against the 
motion, but in the downwards motion gravity acts to increase the speed whereas 
air resistance still acts to decrease it. These differences explain the different 
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arrangements of signs in the equations for the different parts of the motion. 
Equation (4.29) is needed in questions 13, 14 and 15 in Exercise 4. 

4.6 Reaction between surfaces, and friction 

We now consider another important class of problems — those in which a 
moving body remains in contact with a fixed surface throughout the motion. 
For simplicity we shall suppose the fixed surface to be a plane. However we 
shall not suppose that the surface is necessarily horizontal. 

As a first example consider the situation shown in Fig. 4.4 in which a body 
of mass m is moving in contact with a horizontal plane surface. The forces 
acting on the body are shown on the figure. First, there is a force Pi causing 
motion; this could result from, for example, pushing the body, or pulling it 
with a rope. Secondly, there is the weight — mg'] of the body. Finally, there is 
the force R exerted by the surface on the body. This force is called the reaction 
of the surface on the body. Experience shows that these three forces are the 
only ones influencing the motion. Then, denoting the acceleration of the body 
by ai , where a may be positive or negative, Newton’s Second Law (3.2) gives 

Pi — mg'] + R = mai. (4.30) 

Now let us write R in terms of its components with respect to the basis {i, j, k}, 
where i and j are shown in Fig. 4.4, and k points out of the page. Every term 
except R in (4.30) is either parallel to i or parallel to j; hence R can have no 
component in the direction of k. Experience shows that the component of R 
normal to the surface is away from the surface, and the component of R along 
the surface opposes the motion. Thus 

R = -Fi + Ni, (4.31) 

where F(— |R| sin 0) and N(= |R|cos0) are positive. It is conventional to call 
A the normal reaction and Fthe frictional force (or simply the friction). Substitu- 
tion of (4.31) into (4.30) gives 

(P — F)i + (N — mg)] = mai 

=> P — F= ma , N — mg = 0, (4.32) 



Fig. 4.4 
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where the last two equations arise by equating the coefficients of i and j. 
Therefore the normal reaction is equal to the magnitude of the weight of the 
body; if this were not so, the body would have a component of acceleration 
normal to the surface — contrary to the assumption that the body is moving on 
the surface. Now consider the equation P — F = ma. We can, of course, 
choose P by giving the body as much push (or pull) as we wish, and we know 
m. Before we can determine the acceleration a , we need to know F. (Many of 
the ideas in this paragraph were met earlier in Example 3, p. 31.) 

Experiments show that when two surfaces are in relative motion (here the 
two surfaces are the horizontal plane and the surface of the body), the value of 
Fis a constant p times the value of N ; that is 

F=pN. (4.33) 

The constant p is known as the coefficient of friction. Its value depends in 
detail on the nature of the surfaces in contact but it is invariably less than 1 . 
In some circumstances the value of p is so low that it is permissible to take 
fi = 0 as a first approximation. Surfaces for which p = 0 are said to be smooth , 
and surfaces for which p # 0 are said to be rough. 

It should be stressed that (4.33) is true only when the two surfaces are in 
relative motion. 

From (4.32) and (4.33) it follows that, for the situation shown in Fig. 4.4, 
F = fimg and a = (P/m) — fig. 

Example 8 A body is sliding under its own weight down a line of greatest 
slope of a rough plane inclined at an angle a to the horizontal. The coefficient 
of friction is p. Find the acceleration of the body, and deduce that the motion 
maintains itself only if tan a ^ p. 

The situation is illustrated in Fig. 4.5. With i and j as shown, the forces acting 
on the body are its weight mg( sinai — cosaj) and the reaction of the plane 
( — Fi + N\). By Newton’s Second Law, 

(mg sin a — F)i + (N — mg cos a)j = max 
=> mg sin a — F = ma , N = mg cos a. 

(4.33) => F = pN => F = pmg cos a 

=> a = g( sin a — p cos a). 

If a < 0 the speed of the body down the plane decreases, eventually to zero. 
Therefore the motion is maintained only if a ^ 0 

=> sin a — p cos a ^ 0 

=> tan a ^ p. 
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4.7 Forces in taut strings and rigid rods 

In discussing the situation shown in Fig. 4.4, p. 48, we noted that one way of 
causing the motion of the body was to pull it with a rope. Also, the traces 
joining the horse and cart in Example 3, p. 31, were the means of exerting a 
force of magnitude T on the cart and an equal and opposite force on the horse. 
There are many similar examples where forces are transmitted from one body 
to another through strings or rods. In this section we shall suppose that all the 
strings or rods considered are light , which means that their masses can be 
neglected. 

As shown in Fig. 4.6, consider a small element PQ of a light string or rod. 
Let the part of the string or rod to the left of P exert a force of magnitude S 
on PQ in the direction away from PQ , and let the part to the right of Q exert 
a force of magnitude T on PQ in the direction away from PQ. Apply Newton’s 
Second Law (3.2) to PQ. Since the string or rod is light, the mass of PQ is 
zero. Hence the total force on PQ is zero, so that S = T. This argument can 
be applied to every element of the string or rod, and to the sum of all elements, 
that is to the whole string or rod AB. Thus a light string or rod transmits an 
unchanged force from one end to the other. 

The difference between a string and a rigid rod is that a rigid rod can transmit 
any force, whether it tends to stretch it or compress it. When the force tends to 
stretch the rod, it is said to be under tension ; when the force tends to compress 
the rod, it is said to be under thrust. On the other hand, a light string can only 
transmit a force when it is under tension. A string cannot resist a force which 
tends to shorten it — it just collapses! 
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In the remainder of this section we shall consider only strings and rods 
whose lengths do not change when they transmit forces ; such strings and rods 
are called inextensible or inelastic. Actually, the lengths of all real strings and 
rods change (slightly at least) when they are subject to forces, and our assump- 
tion means that we shall consider only situations in which these changes have 
no significant effect. In §4.8 we shall consider elastic strings, in which changes 
in length are important. 

Example 9 Two particles of mass 2m and m are joined by a light inextensible 
string which passes over a light, smooth pulley. The system is held at rest, with 
both parts of the string taut and vertical, and then released. Find the accelera- 
tion of each particle and the magnitude of the tension in the string. 

The situation is illustrated in Fig. 4.7. The term ‘light, smooth pulley’ means 
that the pulley has no mass and that its bearing is smooth. Hence no force is 
required to turn the pulley and, as explained above, the tension in the string is 
equal throughout its length. Let the magnitude of the tension be T. The string 
will remain taut after release so that if the acceleration of the particle of mass 
2m is of magnitude a and downwards, then the acceleration of the particle of 
mass m is also of magnitude a but upwards. Apply Newton’s Second Law (3.2) 
to each particle in turn. Only the vertical component of (3.2) is non-trivial and 
we obtain 


2 mg — T = 2 ma; T — mg = ma. 

These are a pair of simultaneous equations for a and T with solution 

a = ^g, T = %mg. 

The next example discusses a situation in which a light string provides the 
force necessary for a particle to move in a circle. 
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Fig. 4.7 Sketch illustrating Example 9. 
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Example 10 A small smooth ring P is threaded on a light inextensible string 
of length 14 m. The two ends of the string are fastened to two fixed smooth 
bearings A and B , where A is 1 m vertically above B. The ring is moving in a 
horizontal circle with constant angular speed so that LAPB = 90°. Show that 
the radius of the circle is 0 48 m and that the magnitude of the tension in the 
string is five times the magnitude of the weight of the ring. Taking g = 9-81 ms" 2 , 
find the angular speed of the ring in radians per second to 1 decimal place. 

Once more a diagram is essential; the situation is illustrated in Fig. 4.8. Since 
the ring P is smooth, it exerts no frictional force on the string, and since the 
string is light, it follows that the magnitude T of the tension in the string is 
the same throughout the string. Take unit vectors i and j as shown, and let 
LNAP = a. Denote the angular speed of P by a>. By (2.23), the acceleration 
of P is —(co 2 PN) i. 

The forces on P are (i) its weight — Wj , (ii) the tension due to the part AP 
of the string — T(sinai — cosaj), (iii) the tension due to the part BP of the 
string — T(cosai + sinaj). Since the mass of P is W/g (see (4.8)), Newton’s 
Second Law gives 

(— Tcosa — Tsina)i + (Tcosa — Tsina — W) j = — (Woj 2 PN/g)\ 

=> T(cosa + sin a) = ( Wco 2 PN/g ), T(cosa — sin a) = W. 

We now have to find a and PN. Let the length of BP be x m. Since APB = 90°, 
using Pythagoras’ Theorem 

=> X 2 + (j - x) 2 = 1 => X = f or f. 

The equation T(cosa — sin a) = W => cos a > sin a => AP > BP 
=> AP= (4/5) m, BP = (3/5) m. 



Fig. 4.8 Sketch illustrating Example 10. 
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Let r m be the length of PN. 

Since sin a = PN/AP = 5r/4, cos a = PN/BP = 5r/3. 

sin 2 a + cos 2 a = 1 => r = (12/25) => length of PN is 0*48 m. 

cos a — sin a = (4/5) — (3/5) = (1/5) => T(l/S)=W => T = 5W 

cos a -f sin a = (7/5) => co 2 !g = (7/0-48) m 

= 9*81 ms -2 => co 2 « 143 06 s 2 => cu« 12-Os. 

4.8 Springs and elastic strings 

It is common experience that strings made of rubber and other similar materials 
can be stretched very easily, and that, when they are stretched, they exert a 
force on whatever agency or body is doing the stretching. The direction of this 
force is that which tends to restore the string to its original unstretched length. 
For this reason the force is sometimes called a restoring force , and strings in 
which restoring forces are set up by stretching are called elastic strings. 

Let the original unstretched length of an elastic string be /; the usual term 
for / is the natural length of the string. Suppose the string is stretched to a 
length (/ + x) where x is positive and is known as the extension of the string. 
Experiments show that, provided (*//) is not too large, the magnitude of the 
restoring force is proportional to x. This is Hooke's Law. 

Hooke’s Law is also valid for restoring forces set up in springs with the 
difference, from elastic strings, that a restoring force exists in a spring not only 
when it is stretched but also when it is compressed. 

Consider the situation shown in Fig. 4.9(i). A particle P is attached to one 
end of an elastic string of natural length / ; the other end is fastened to a fixed 
support at A. When the string is stretched so that its length is (/ + x), where 
x > 0, Hooke’s Law shows that there is a positive constant k such that the 
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magnitude |T| of the restoring force T on/? is equal to kx. Let j be a unit vector 
vertically downwards ; then T is in the opposite direction to j. Hence 

T= -kx j. (4.34) 

Figures 4.9(ii) and (iii) show a particle Q attached to one end of a spring of 
natural length /, the other end of which is fastened to a fixed support at B. 
Equation (4.34) obviously gives the restoring force when the spring is stretched 
to a length (/ + x), where x > 0. It also gives T when the spring is compressed 
to a length (/ + x), where x < 0, because the magnitude |T| of T is k\x \ 9 as 
predicted by Hooke’s Law, and, since x < 0, the direction of T is vertically 
downwards, as is necessary for T to be a force restoring the spring to its natural 
length. 

The constant k is known as the stiffness of the spring. It is very common to 
express k in terms of / and another constant X, called the modulus of elasticity. 
The equation relating k , X and / is k — X/l. Thus (4.34) can be written 

y) V* 

T=-7j where T = y. (4.35) 

The dimension of T is MLT -2 , since it is a force. So, from (4.35), the dimension 
of X is also MLT -2 . The value of X is a property of the spring. 

We now begin a study of the type of motion caused by a restoring force T 
given by (4.34) or (4.35). Suppose that each of the particles P and Q in Fig. 4.9 
has mass m so that, in addition to T, each is also subjected to its weight mg\. 
The net force on each particle is therefore mg\ + T, and since the acceleration 
of each particle is xj, Newton’s Second Law (3.2) gives 

mx j = mg\ -F T. 

Provided T is given by (4.35), we then find 

mx = mg — ( Xx/l ). (4.36) 

Equation (4.36) is the equation of motion for Q for all values of x, and the 
equation of motion for P provided x > 0. It is convenient to rewrite (4.36) in 
the form 


x -F n 2 x — g , n 2 = (4.37) 

ml 

Since X, m, / have dimensions MLT -2 , M, L respectively, the dimension of the 
constant n is (MLT -2 M -1 L -1 ) 1/2 , that is T -1 . Thus n has the dimension of a 
frequency or an angular speed. 

Notice first that (4.37) is satisfied for all t if x has the constant value x 0 , 
where 


x 


_g__mg[ 


(4.38) 
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For, if x is constant for all t , then x and x are zero for all t. Hence the particle 
can be in equilibrium at x = x 0 with the restoring force exactly balancing the 
weight. However we can cause motion by disturbing the particle from its 
equilibrium position. For example, we could pull P downwards from the posi- 
tion x = x 0 and then release it from rest, or we could give Q a vertical blow. 
However the motion is caused, we have to use (4.37) to study how the motion 
develops. 

Obviously the position x = x 0 has special significance. It is sensible therefore 
to use a new variable X defined by 

X=x-x 0 , x = x 0 + X , (4.39) 

so that X is the displacement of the particle measured from its equilibrium 
position. Substitution of (4.39) in (4.37) gives 

X + n 2 X=0. (4.40) 

We can verify easily that (4.40) is satisfied if X = sin nt for then X = n cos nt 
and X = —n 2 sin nt = —n 2 X. Similarly it is satisfied if X = cos nt. It is then easy 
to see that (4.40) is also satisfied by 

X = a sin nt + ft cos nt, (4.41) 

for all values of the constants a and /?. In fact we can show, but the proof is 
beyond the scope of this book, that every solution of (4.40) is of the form 
(4.41), that is (4.41) is the general solution of (4.40). We can also write (4.41) in 
the form 


X = A sin {nt + </>), (4.42) 

where the constants a, /? are related to the constants A, <p by the equations 
A cos (f) = a, A sin 0 = /?. Thus A = (a 2 + /F) 1/2 . By combining (4.41) or (4.42) 
with (4.39) we find that 

x — x 0 + a sin nt + jS cos nt = x 0 + A sin (nt + </>). (4.43) 

The motion of the particle is an oscillation about the equilibrium position, 
or centre, x = x 0 . The oscillation is periodic in time, since the periods of the 
sine and cosine functions are both 2n. The value of x at any time t will be the 
same at time t + T, where 


T=2n/n; (4.44) 

T is the period of the motion. The maximum distance of the particle from its 
centre is A; this maximum distance is known as the amplitude of the motion. 
Motion satisfying (4.43) is called simple harmonic motion , usually abbreviated 
to and it is extremely important because it occurs in very many 

different situations. 

The values of the constants in (4.43) are determined by the way in which the 
motion is set up. This is illustrated by the next two examples. 
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Example 11 A particle of mass 2 kg is fastened to one end of a light elastic 
string, the other end of which is fastened to a fixed support. When the particle 
is hanging at rest vertically below the support the string is extended by 0 08 m. 
The particle is then pulled down another 0*04 m and released from rest. Find 
the period of the motion, taking g as 9-8 ms -2 . 

We are given that x 0 = 0 08 m and g = 9*8 ms -2 . 

(4.38) => n 2 = 122 5 s~ 2 => n w 1 1 -07 s" 1 

(4.44) => T= 2n/n « 0*57 s. 

Example 12 For the motion described in Example 11, find 

(i) the maximum speed of the particle; 

(ii) the extension of the string 10 s after release. 

(i) Equation (4.43) gives x = x 0 + ot sin nt + jScos nt. 

When t = 0, x = 0T2 m, x = 0 ms -1 . Also x 0 = 0 08 m. 

=> 0T2 m = 0 08 m + /?, 0 = an 

=> x = 0*04[2 + cosh/] m. (4.45) 

Note first that the minimum value of x occurs when cos nt = — 1, and this 
minimum value is 0 04 m. Since this is positive, the string is stretched throughout 
the motion, and we are justified in using (4.45) for all t. By differentiating (4.45) 
we can find x. Using n « 11*07 s _1 from Example 11, the result is 

x « —0*44 sin nt ms -1 . 

The maximum value of |x|, the speed of the particle, is therefore about 
0-44 ms -1 . 

(ii) Putting n % 1 107 s -1 and / = 10 s in (4.45) gives the extension after 10 s as 

0*04[2 + cos 110*7] m % 0*05 m 
(Note that in cos 1 10*7, the units of 1 10*7 are radians.) 

Example 13 A horizontal platform is moving vertically so that its displacement 
x from a fixed horizontal plane at time t satisfies 

x = a sin 2 cot, 

where a and co are positive constants. Prove that the platform is in simple 
harmonic motion with its centre at x = (a/2). Find the amplitude and period 
of this motion. 

A particle is placed on the platform when x = 0 and is observed to leave the 
platform, travelling vertically upwards, when x = (5a/6). Show that 

4 aco 2 = 3 g. 
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We have to show that x = a sin 2 cot is the same as the expression for x in (4.43) 
for specific values of x 0 , n , a, /?. 

cos 2 cot = 1 — 2 sin 2 cor => x = («/2) (1 — cos 2c ot). 

This is (4.43) with x 0 = a/2, n = 2co, a = 0, P = —a/ 2. Therefore the motion is 
S.H.M. with centre x = x Q = (a/2). 

From (4.44) T = 2n/n = n/ao. 

The amplitude, the maximum value of \x — x 0 \, is (a/2). 

Let the mass of the particle be m. The platform exerts a force on the particle ; 
let its component vertically upwards be N. By Newton’s Second Law 

N — mg = mx = 2 maco 2 cos 2 cor 

=> N = m(g + 2 aco 2 cos 2cot) 

=> N — m(g + 2 aco 2 — 4xco 2 ). 

Clearly the value of N must be positive; the platform cannot give the particle 
a downwards push. Hence the particle leaves the platform when N = 0, which 
occurs when x = 5a/6. 

=> g -f 2aco 2 — 4(5<z/6)co 2 = 0 
=> 4aco 2 = 3g. 


Exercise 4 

1 A particle of mass 3 kg starts with velocity (i + 2j + 3k) ms -1 from a point A with 
position vector (4i + 3j 4- 2k) m. The particle moves under the action of a constant 
force F = (3i + 4j 4- 8k) N, and travels from A to a point B in 4 s. Find the position 
vector of B , and the speed of the particle when it reaches B. 

2 A boy throws a ball vertically upwards by the side of his house. The ball leaves his 
hand at a height of 1*5 m above the ground. His sister is looking out of a window so 
that her eyes are 3-8 m above the ground. Using a stop watch, she times the interval 
between the ball going past her eyes upwards and going past them downwards as 
1-3 s. Taking g as 9-8 ms -2 and neglecting air resistance, show that the speed of 
projection is 9*3 ms -1 correct to 2 significant figures. Find the speed at which the 
ball first hits the ground correct to 2 significant figures. 

3 A man standing on a platform throws a ball vertically upwards with speed U. Imme- 
diately after the ball leaves his hand, the man and the platform descend vertically 
with constant speed V. Show that the time that elapses before the ball returns to the 
man’s hand is 2(U + V)/g. 

4 A man drops a coin from a height of 2 m above the floor of a lift. Calculate, to 2 
decimal places, the times taken for the coin to hit the floor of the lift in the cases : 
(a) when the lift is at rest; (b) when the lift is descending with constant acceleration 
1 ms -2 . Take g as 9-8 ms -2 . 

5 A golf ball, driven from a point P with an initial speed of 50 ms -1 , first strikes the 
ground at a point Q on the same horizontal level as P and 200 m from P. Neglecting 
air resistance and taking g as 10 ms -2 , find, correct to the nearest degree, each of the 
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two possible angles of projection and, correct to the nearest tenth of a second, the 
difference between the two possible times of flight. 

Show that in the lower of the possible trajectories the ball could not clear a tree 
30 m high anywhere in its path. 

6 Two points A and B are situated on level ground at a distance a apart. At a given 
instant a balloon is released from rest at A , and simultaneously a bullet is fired from 
a gun at B. The balloon rises vertically with a constant acceleration f and the bullet 
has an initial speed U at an angle a above the horizontal. Given that the balloon is 
hit by the bullet, show that U 2 sin 2a = a(f + g). 

7 A projectile has initial speed U at an elevation 2a above the horizontal. Its point of 
projection is at the foot of a plane inclined at an angle a( < ^n) above the horizontal. 
The motion takes place in the vertical plane through the line of greatest slope of the 
plane. Given that the projectile strikes the plane at right angles, find the value of 
tana. 

8 An aircraft is flying with constant speed V in a direction inclined at an angle a above 
the horizontal. When the aircraft is at height h a bomb is dropped. Show that the 
horizontal distance R , measured from the point vertically below the point at which 
the bomb is dropped to the point where it hits the ground, satisfies 

gR = \V 2 sin 2a + V cos oiy/(2gh + V 2 sin 2 a). 

9 A ball thrown with initial speed ^(2 gh) strikes a vertical wall which stands at a 
distance d from the point of projection. Show that the point on the wall that is hit 
by the ball cannot be at a height greater than (4/i 2 - d 2 )/(4h) above the point of 
projection. 

Show also that the region of the wall within range of the ball is bounded by a 
parabola. 

10 Water is thrown off the tyres of a racing car travelling at speed V along a wet horizontal 
circuit. The radius of the wheels (including the tyres) is r, and there are no mudguards. 
Given that there is no slipping between the tyres and the road and that air resistance 
can be neglected, show that, when gr / V 2 < 1, water reaching the greatest height above 
the ground comes from points on the tyre circumferences such that the radius through 
each of these points makes an angle 0 above the horizontal, where sin 0 = gr/V 2 . 
Determine the greatest height in this case. Discuss what happens when gr/V 2 > 1. 

11 A particle moves in a straight line on a smooth horizontal plane against a resistance 
kv per unit mass, where v is the speed of the particle. Obtain the equation relating v 
and v. Verify that this equation is satisfied by v = Ve~ kt , where V is a constant equal 
to the speed of the particle when t = 0. 

12 A ball of mass m is dropped from a height H and falls. It is acted on by gravity, and 
an air resistance of magnitude mkv 2 where A: is a positive constant and v is the speed 
of the particle when it has fallen through a distance x. Show that 


v— = g — kv 2 . 
dx 


Verify that this equation is satisfied if v 2 = (g/k)( 1 — e~ 2kx ). Deduce the value of v 
when the ball hits the ground. 

13 A particle is released above the ground and, while falling, suffers a resistance kv 2 per 
unit mass, where r is its speed. Show that, however long the particle takes to hit the 
ground, v can never be greater than V, where V = y/(g/k). Prove that, when the 
particle has been falling for a time t , the value of v is V(e 2kVt — 1 )/(e 2fcK< + 1). 

14 A particle of mass m is projected vertically upwards with speed U tan a in a medium 
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which exerts on the particle a resistance of magnitude mgv 2 /U 2 , where v is the speed 
of the particle. Show that the greatest height attained by the particle is 

(U 2 /g) In (sec a). 

Show also that the particle returns to the point of projection with a speed U sin a. 

15 A ball of mass m is thrown vertically upwards with initial speed u. When the speed of 
the ball is v , the air resistance is kv 2 , where A: is a constant. Find the dimension of k , 
and hence show that (ku 2 /mg) is without dimension. The particle returns to the point 
of projection after a time T. Deduce that there is a function F (which is not to be 
determined) such that T = ( u/g)¥(ku 2 /mg ). 

16 A particle moves along a line of greatest slope of a rough plane inclined at an angle /? 
to the horizontal, where tan ft = (3/4). The particle passes through a point A when 
moving upwards with speed u, comes momentarily to rest at a point C, and sub- 
sequently passes through a point B when moving downwards at the same speed u. 
Given that the coefficient of friction between the particle and the plane is (1/4), find 
AC, and show that AB = AC. 

17 A particle of mass 05 kg is moving at constant speed on a rough horizontal table in 
the direction of the constant unit vector i. The particle is acted on by three forces, 
namely (i) its weight, (ii) an applied force P, and (iii) the reaction of the table R. 
Given than P = (3i 4- 8j) N, where j is a unit vector vertically downwards, and taking 
g as 9-8 ms -2 , determine R in the form R = (ki 4- /j) N, where k and / are numbers. 
Hence determine the coefficient of friction between the table and the particle to 2 
decimal places. 

18 A square A BCD, of side 2 m, is fixed with the vertex A on a horizontal table and AC 
vertical. A particle starts from rest at C and slides down CB which is rough with 
coefficient of friction (2 — y/2)/2. Taking g as 10 ms” 2 , show that the particle leaves 
the square with a speed 2^/5 ms” 1 . 

Further, show that the particle strikes the table about 2-4 m from A. 

19 A light inextensible string hangs over a smooth, fixed pulley. To one end of the string 
is attached a particle A of mass 3 m and to the other end is attached a scale-pan of 
mass 2m containing a particle B of mass 5m. The system is released from rest with the 
hanging parts of the string taut and vertical. Find the magnitudes of the tension in 
the string and of the force exerted by B on the scale-pan. 

20 A particle A of mass 2m is initially at rest on a smooth plane inclined at an angle a 
to the horizontal. It is supported by a light inextensible string which passes over a 
smooth, light pulley at the top edge of the plane. The other end of the string supports 
a particle B of mass m which hangs freely. Given that there is no motion, find a. 

A further particle of mass m is now attached to B and the system is released. Find 
the acceleration of B in the ensuing motion. 

21 Two particles A and B, of mass 3 m and m respectively, are connected by a light 
inextensible string which passes over a fixed, light, smooth pulley. The system is 
released from rest with A and B at the same level and with the string taut. After a 
time t 0 the string breaks and it is sufficiently long for B not to hit the pulley sub- 
sequently. Show that, when B reaches its highest point, the vertical distance between 
A and B is gt%. 

22 A lift which, when empty, has mass 1000 kg is carrying a man of mass 80 kg. The lift 
is descending with a downward acceleration of 1 ms” 2 . Taking g as 9-8 ms” 2 and 
ignoring friction, calculate the magnitudes of the tension in the lift cable and of the 
vertical force exerted on the man by the floor of the lift. 
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The lift is designed so that during any journey the magnitude of its acceleration 
reaches, but does not exceed, 1 ms -2 . Safety regulations do not allow the lift cable 
to bear a tension of magnitude greater than 20 000 N. Making reasonable assumptions 
and showing your working, suggest the number of persons that the lift should be 
licensed to carry. [Hint : the magnitude of the tension in the lift cable is greatest when 
the lift is accelerating upwards.] 

23 A particle of mass m is connected by an inextensible light string of length / to a fixed 
point on a smooth horizontal table. The string breaks when subject to a tension the 
magnitude of which exceeds mg. Find the maximum number of revolutions per second 
that the particle can make without breaking the string. 

24 A particle of mass m is attached to one end Q of an elastic string PQ of modulus 3 mg 
and natural length /. If the string will break when its total length is greater than 3/, 
find the maximum constant angular speed of the particle when describing a horizontal 
circle with the end P of the string fixed. 

25 A particle executes simple harmonic motion with centre O, the period of the motion 
being 3 s. Find the time taken by the particle to travel directly from instantaneous 
rest at a point A to the mid-point of OA. 

26 A particle of mass m is at rest suspended from a fixed point by a light, elastic spring 
of modulus 2mg and natural length /. Find the period and the amplitude of the oscilla- 
tions performed if the particle is projected vertically from this position with speed 

27 A particle of mass m is attached to the middle point of a light, elastic string of natural 
length a and modulus mg. The ends of the string are attached to two fixed points A 
and B , where A is a distance 2 a vertically above B. Prove that the particle can rest in 
equilibrium at a depth 5a/ 4 below A , and find the period of oscillation if it is displaced 
slightly in the vertical direction. 

28 One end O of a light, elastic string OA , of natural length 4 a and modulus 3mg , is 
attached to a fixed point on a smooth horizontal table. A particle of mass m is attached 
to the other end A. The particle is pulled along the table until it is a distance 5 a from 
O and it is then released from rest. Show that the particle first reaches O after a time 
(it + $)J(a/3g). 

29 The end A of a light, elastic string AB , of natural length 0-5 m, is fixed. When a particle 
of mass 0-3 kg is attached to the string at B and hangs freely under gravity, the exten- 
sion of the string in the equilibrium position is 0 075 m. Calculate the modulus of 
elasticity of the string taking g as 10 ms -2 . 

The particle is now pulled down vertically a short distance and released from rest. 
Show that the time that elapses before the particle first passes through the equilibrium 
position is about 0T36 s. 

30 A particle of mass m lies on a smooth horizontal table and is attached to one end of 
a spring, the other end of which is fixed to a point on the table. The unstretched 
length of the spring is d and its stiffness is k. Show that the dimension of k is MT 2 . 
Assuming that the period T of oscillations of the particle on the table is given by a 
formula of the type 

T= km a d p k\ 

where k is a dimensionless constant, find the values of a, /?, y for dimensional consis- 
tency. 


60 


Newton's Laws and Particle Motion 



Answers 


Exercise 1 

1 645°, sin 0 * - 0*97, cos 0 « 0-25, 
tan 0 % — 3*85 

2 (a) 946 x 10 15 m; 

(b) 946 x 10 12 km; 

(c) 5*88 x 10 12 miles 

3 10 3 ms -1 

4 Only s = ut — j gt 2 is consistent 

5 [v] = L 2 T -1 , Ik] = T 1 , [/] = LT" 2 

Exercise 2 

2 [a] = LT" 2 , [k~\ = T -1 , 

U + [at/(\ 4* kt)] 

4 co = 4 s _1 , c = 0*5 m, oc % 1 *24 

5 (x/X)^\62 

6 Trap, rule: s ^ 0-25 m; g ^ 9 ms 2 , 
k « 11 s" 1 . Integration: 5 % 0-25 m. 

7 t> = 07exp[>/(07’ 2 )] 

9 r = [ai cos wt + b\ sin «/] 

10 r = cco ( i cos cor — j sin cot) + £/k, 
r = — cco 2 (i sin co/ + j cos co/) 

11 ClJ(Q 2 r 2 + 4V 2 ) 

12 (i - 4j) ms -1 ; (1 li + 3j) m 
14 50 m 

16 (i) u = 120 ms -1 , t = 20 s 

17 (i) d = b - Ut + i ft 2 , 

(ii) c/=6 + (K- 17)/ — V 2 /(2f)\ 
d min = b — U 2 /f; when U 2 < 2 bf and 
U > V the car catches the bus after a time 
greater than V/f 

3 Vy/3 (towards wall), 
f( V 2 /a)yf3 (towards wall) 

19 sin -1 y/(\ — 2 2 )E of N, dyj(\ — 2 2 ), 
dk/\_Uy/( 1 - / 2 )] 


Exercise 3 

1 0-8 N 

2 v = [(fcV + g)e~*' - g]/k, 

a = — (£V + g)e~ kl ; Units: k — s" 1 ; 

V — ms -1 . 

3 m = p = 2, n = 1 

4 19 3 x 10 4 NnT 2 

5 1-677 x 10“ 25 kg, 

5-006 x KT 17 kg ms -1 

Exercise 4 

1 (16i + ^j + ^k)m, 

2390 ms -1 « 1 6*3 ms -1 

2 11 ms -1 

4 (a) 0-645 s, (b) 0-67 s 

5 27°, 63°; 4-5 s 
7 2 y/2 

10 r + ( K 2 /20) + (gr 2 l 2 V 2 )\gr!V 2 >\ 
maximum height is 2 r. 

11 v 4* kv = 0 

12 VMO -e- 2fcW )] 

15 [&] = ML -1 

16 AC = (5u 2 /8g) 

17 k = —3, / = — 12-9; /c = 0-23 

19 (21/5)rag, 2>mg 

20 a = (tc/6), 

22 9504 N, 704 N; assuming men of 
average mass less than 80 kg, licensed to 
carry no more than 10 persons. 

23 (1/2k)vW/) 

24 V(2<?//) 

25 0-5 s 

26 i/.*>/(2 //0 

27 

29 20 N 

30 a = i,/J = 0,y=-i 
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Index 


acceleration 9, 18-19 
air resistance 29, 45-8 
amplitude 55 
angle 3 

cartesian basis 20 

dimension 5 
directed line segment 16 
displacement 7 
drag 45 

elastic strings 53-7 
extension 53 

force 10, 29-30 
elastic 29 
frictional 48 

in taut strings and rigid rods 50-53 
restoring 53 
frequency 54 
friction 29, 48-50 
coefficient of 49 
frictional force 48 

gravitational constant 43 
gravity 29, 37 

Hooke’s law 53 

inelastic string 51 
inertial frame of reference 34 
inextensible string 51 

kilogram 2 
kinematics 7-26 

light rods and strings 50 

mass 1 

principle of conservation of 2 
metre 3 
motion 

in a straight line 7-15 
in space 16-23 
relative 23-6 


under a constant force 36-7 
under gravity 37-43 

natural length 53 

Newton’s constant of gravitation 12 
law of gravity 43-5 
laws of motion 30-4 

oscillation 55 

parabola 41 
particle 1 
period 55 
position vector 16 
relative 23 
projectile 39 

range 40 
reaction 

between surfaces 48-50 
normal 48 
restoring force 53 
rigid body 1 

simple harmonic motion 55 
smooth surfaces 49 
speed 7, 17 
angular 20 

limiting (terminal) 14 
springs 53-7 
statics 1 
stiffness 54 

tension 50 
thrust 50 
time 2 
of flight 40 
trapezium rule 14 

units 3-5 

velocity 17 
relative 24 

weight 37 
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